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A computational study is presented of t h e  p rope r t i e s  of a 

guardring-type c i r c u l a r  p lanar  Langmuir probe, commonly flush-mounted 

i n  t h e  s k i n  of a satellite. 

dimensional p o t e n t i a l  d i s t r i b u t i o n  which cannot be t r e a t e d  a n a l y t i c a l l y ,  

even i n  a x i a l l y  symmetric problems. 

d i s t r i b u t i o n s  a t  i n f i n i t y ,  t he  current-vol tage c h a r a c t e r i s t i c s  of t h e  

e x t e r n a l  aper ture  g r i d  and of an i n t e r n a l  r e p e l l i n g  c o l l e c t o r  ( for  

a t t r a c t i v e  ape r tu re  g r id  p o t e n t i a l s )  may be determined by d e t a i l e d  

p a r t i c l e  t r a j e c t o r y  ca l cu la t ions .  

dens i ty  d i s t r i b u t i o n s  i n  the  v i c i n i t y  of t h e  probe are defined a t  t h e  

nodes of a gr id .  

by summing t r a j e c t o r y  con t r ibu t ions .  

s i m i l a r l y  evaluated. 

by an i terative technique. 

t i o n  are considered, e.g., a streaming Maxwellian a t  i n f i n i t y ,  and 

pho toe lec t r i c  (or  secondary) emission a t  t h e  sa te l l i t e  sur face .  An 

i n f i n i t e - s a t e l l i t e  model is assumed f o r  the Poisson case (Debye 

length  = 1 cm).  For t h e  Laplace case  (Debye length  i n f i n i t e ) ,  t h e  

e f f e c t s  of f i n i t e  sa te l l i te  dimensions, of Mach s t reaming a t  an angle ,  

and of photoelectrons are inves t iga t ed .  

This geometry r e s u l t s  i n  a three- 

Given a r b i t r a r y  p a r t i c l e  v e l o c i t y  

The e l e c t r i c  f i e l d  and charge 

The charge dens i ty  i n  t h e  Poisson equat ion  i s  evaluated 

The c o l l e c t e d  c u r r e n t s  are 

The Poisson f i e l d  is  computed se l f - cons i s t en t ly  

Two kinds of par t ic le  v e l o c i t y  d i s t r i b u -  

i 
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T . INTRODUCTION 

The work of t h i s  r e p o r t  is  concerned wi th  cdmputer methods f o r  

c a l c u l a t i n g  t h e  p a r t i c l e  v e l o c i t y  d i s t r i b u t i o n  a t  (and t h e  c u r r e n t  col- 

l ec t ed  by) a circular p lanar  probe i n  a c o l l i s i o n l e s s  plasma. 

probe, i l l u s t r a t e d  i n  Fig. 1, is  commonly flush-mounted on satellites, 

and is geometr ical ly  similar t o  a l abora to ry  p lanar  guard-ring probe. 

There i s  no exact a n a l y t i c  theory a v a i l a b l e  f o r  t h i s  multi-dimensional 

probe. 

i n  Ref. 2 ,  based on v e l o c i t y  space ana lys i s .  The theory of Ref. 2 w i l l  

be considered as supplementary t o  t h i s  r e p o r t  and w i l l  no t  be repeated 

here. 

only b r i e f l y  i n  Ref. 2 ,  w i l l  be given primary a t t e n t i o n ,  The determina- 

t i o n  of the e l e c t r i c  f i e l d  conf igura t ion ,  i n  o ther  words, t h e  s t r u c t u r e  

(1-2) This 

(3)  

( 4 )  

However, an approximate theory f o r  t h e  c e n t r a l  po in t  is  given 

Rather, t h e  computational a spec t s  of t h e  problem, which are t r e a t e d  

of t he  sheath,  is t h e  h e a r t  of t h e  problem. 

The p resen t  computer program is  capable of eva lua t ing  e i t h e r  

t h e  p a r t i c l e  number dens i ty  o r  t he  c u r r e n t  dens i ty ,  i.e., moments of t h e  

v e l o c i t y  d i s t r i b u t i o n ,  a t  an a r b i t r a r y  po in t  i n  space. E i the r  moment 

may be expressed as an i n t e g r a l  of t h e  phase space dens i ty  over v e l o c i t y  

space. Replacement of t h e  ( t r i p l e )  i n t e g r a l  by an approximating Gaussian 

quadrature sum is  equiva len t  t o  cons ide ra t ion  of a f i n i t e  number of 

t r a j e c t o r i e s  ( t o  r ep resen t  a l l  poss ib l e  t r a j e c t o r i e s  pass ing  through the  

poin t ) .  On each t r a j e c t o r y ,  t h e  phase space dens i ty  is  constant.  The 

t r a j e c t o r i e s  are dynamically r e v e r s i b l e  i n  t h e  time-independent f i e l d ,  

and by following each t r a j e c t o r y  backwards i n  t i m e  t o  its o r i g i n ,  where 

t h e  phase space dens i ty  is considered known, one may eva lua te  t h e  terms 

i n  t h e  quadrature  sum. The word "origin" means i n f i n i t y  o r  an emi t t i ng  

surf  ace, 

The e l e c t r o s t a t i c  p o t e n t i a l  con f igu ra t ion  is  represented  by a 
g r id ,  a t  t h e  po in t s  of which t h q \ p o t e n t i a l  is  defined. 

f i e l d  i s  defined by i n t e r p o l a t i o n .  

The electric 

The boundary of t h e  g r i d  r ep resen t s  
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t h e  su r face  a t  " i n f i n i t y "  f o r  computational purposes. Thus, t h e  n e t  

charge dens i ty  can be evaluated a t  each gr id  p o i n t  by c a l c u l a t i n g  

s e p a r a t e l y  t h e  con t r ibu t ions  of a t t r a c t e d  and r e p e l l e d  p a r t i c l e s ,  i n  any 

f ixed  p o t e n t i a l  d i s t r i b u t i o n .  

However, t he  p o t e n t i a l  d i s t r i b u t i o n  i s  no t  known and depends 

i n  t u r n  on t h e  charge dens i ty ,  as w e l l  as t h e  pr'obe and satel l i te  poten- 

t i a l s ,  through t h e  Poisson equation. Thus, t h e  charge dens i ty  and 

p o t e n t i a l  d i s t r i b u t i o n s  must be made se l f - cons i s t en t .  

An i t e r a t i o n  technique seems t o  be t h e  only f e a s i b l e  means f o r  

accomplishing t h i s  task.  

t h e  s p e c i a l  (one-dimensional) cases  of s p h e r i c a l  and c y l i n d r i c a l  probes 

i n  a plasma a t  rest. (5) When t h e  Laplacian opera tor  i s  approximated by 

a d i f f e r e n c e  operator on the  g r i d ,  t h e r e  r e s u l t s  a set  of non-linear 

equations f o r  t he  va lues  of t h e  p o t e n t i a l  ( a l t e r n a t i v e l y ,  t h e  dens i ty )  

at  t h e  g r id  po in t s .  The i t e r a t i o n  technique is  applied t o  t h i s  set of 

equations.  

condi t ion ,  i n  the  following way. 

Progress has been made along these  l i n e s  f o r  

Whether t h e  i t e r a t i o n  converges o r  no t  depends on the  boundary 

The condi t ion  t h a t  t h e  p o t e n t i a l  must f a l l  off t o  zero a t  

i n f i n i t y  r equ i r e s  s p e c i a l  treatment when we  employ a g r id  of f i n i t e  

dimensions. 

problems is solved, i n  which t h e  only parameter which changes is  t h e  

ou te r  g r i d  dimension, o r  e f f e c t i v e  g r i d  boundary r ad ius .  

t h e  c o l l e c t e d  cu r ren t  depends s t rong ly  on the  g r id  r ad ius  when t h i s  r a d i u s  

is  small. As t h e  r a d i u s  i s  increased ,  however, t h e  c u r r e n t  tends toward 

a "Stationary" value.  

t h e  i n f i n i t e  boundary condition. 

Ref. 5. 

I n  t h e  p re sen t  i nves t iga t ion ,  f o r  each case a sequeece of 

The va lue  of 

It is  t h i s  s t a t i o n a r y  va lue  which corresponds t o  

This behavior has  a l s o  been noted i n  

Unfortunately, ob ta in ing  the  s o l u t i o n  i s  no t  only a matter of 

moving t h e  g r i d  boundary outward i n  s t e p s  and re-solving t h e  problem a t  

each s t e p ,  while  monitoring the  c o l l e c t e d  c u r r e n t ,  u n t i l  t h e  des i r ed  

degree of " s t a t iona r ines s"  i s  a t t a i n e d .  As t h e  boundary i s  moved outward, 

- 2 -  



t h e  i t e r a t i o n  process i t s e l f  tends t o  become uns t ab le  and diverge.  There- 

f o r e ,  a s o p h i s t i c a t e d  i t e r a t i o n  scheme has  been developed i n  which 

success ive  dens i ty  (or p o t e n t i a l )  iterates are l i n e a r l y  combined, o r  

"mixed". (This method is  a l s o  used i n  Ref. 5.) The i t e r a t i o n  can, i n  

t h i s  way, be made t o  converge f o r  any boundary r ad ius  by s u i t a b l y  ad jus t -  

i n g  t h e  mixing r a t i o .  

t he re fo re  t h e  computing t i m e ,  would grow wi th  inc reas ing  boundary r ad ius .  

However, t h e  number of i t e r a t i o n s  requi red ,  and 

There are o t h e r  numerical parameters which must be considered 

such as g r i d  mesh s i z e ,  t r a j e c t o r y  s t e p  s i z e  (accuracy), and number of 

t r a j e c t o r i e s  per  space poin t .  

with r e spec t  t o  changes i n  these  parameters, as w e l l .  

parameters, t r a j e c t o r y  s t e p  s i z e  has been found t o  be most cr i t ical ,  and 

g r i d  mesh s i z e  least  c r i t i c a l .  

The computed c u r r e n t  must be "s ta t ionary"  

Among these  

Calcu la t ions  have been performed f o r  two types of p a r t i c l e  

v e l o c i t y  d i s t r i b u t i o n ,  namely, a streaming Maxwellian a t  i n f i n i t y  

(Secs. I1 - VII),  and p h o t o e l e c t r i c  (or  secondary) emission a t  t h e  

satel l i te  su r face  (Sec. V I I I ) .  

I n  Sec. 11, t h e  forms of t h e  moment i n t e g r a l s  ( p a r t i c l e  and 

cu r ren t  dens i ty )  are considered,with con t r ibu t ions  i n  v e l o c i t y  space 

separa ted  i n t o  two p a r t s ,  namely, con t r ibu t ions  from i n f i n i t y ,  and 

con t r ibu t ions  from nearby sur faces .  

I n  See. 111, t h e  moment i n t e g r a l s  are spec ia l i zed  t o  energy- 

angle  v e l o c i t y  space. 

I n  Sec. I V ,  t h e  sa te l l i te  is  assumed t o  be an i n f i n i t e  p lane ,  

and c a l c u l a t i o n s  are discussed f o r  t h e  Laplace f i e l d  ( i n f i n i t e  Debye 

length) .  

probe is linear a t  l a r g e  probe p o t e n t i a l s ,  

wi th  experimental  d a t a  obtained i n  guayd-ring probe measurements. 

The current-voltage c h a r a c t e r i s t i c  of the c i r c u l a r  p lanar  

This l i n e a r i t y  i s  cons i s t en t  
( 4 )  

I n  Sec. V, s o l u t i o n s  of the shea th  problem (Poisson f i e l d )  and 

The Debye l eng th  is equal t o  a t t r a c t e d l p a r t i c l e  c u r r e n t s  are d iscussed ,  

- 3 -  



0.3 probe r a d i i ,  t h e  probe p o t e n t i a l  energy i s  -45.54 kT, and the satel- 

l i t e  i s  i n f i n i t e .  The cu r ren t  dens i ty  a t  the  c e n t r a l  po in t ,  f o r  Mach 

zero,  i s  33.3,  i n  u n i t s  of t he  cu r ren t  a t  zero p o t e n t i a l .  This va lue  i s  

near ly  t h e  same as the  corresponding va lue  f o r  t he  Laplace f i e l d ,  namely, 

35.5, thus  i n d i c a t i n g  approximate independence of t h e  central c u r r e n t  

dens i ty  wi th  r e spec t  t o  Debye length.  

theory of R e f .  2. The cu r ren t  dens i ty  on t h e  probe su r face  f a l l s  o f f  

more r ap id ly  with r ad ius  i n  the  Poisson f i e l d  than i n  t h e  Laplace f i e l d .  

Thus, t h e  c u r r e n t  c o l l e c t e d  by a f i n i t e  area, relative t o  t h e  cu r ren t  a t  

zero p o t e n t i a l ,  would be less a t  small Debye lengths  than a t  l a r g e  Debye 

lengths  ( fo r  equal  probe p o t e n t i a l s ) .  This accounts f o r  t h e  Poisson 

va lue  of 25 versus  t h e  Laplace value of 3 6 ,  when t h e  c o l l e c t i n g  r ad ius  

i s  an apprec iab le  f r a c t i o n ,  i o e o ,  1/2,  of the  probe radius .  (') 

computational a spec t s  of t he  Poisson problem are a l s o  discussed i n  

Sec, V. Tests with d i f f e r e n t  boundary l a w s  ( f loa t ing-d ipole  and zero- 

p o t e n t i a l )  show t h e  s t a t i o n a r y  va lue  of t h e  cu r ren t  t o  be independent of 

these  l a w s .  Moreover, tests made wi th  inc reas ing  g r id  boundary r a d i i  show 

t h a t  t h e  cu r ren t  approaches i t s  s t a t i o n a r y  va lue  r ap id ly  f o r  g r i d  r a d i i  

g r e a t e r  than about 1 ,5  probe r a d i i ,  

This  r e s u l t  is predic ted  by the  

Some 

I n  Sec. V I ,  the  ve loc i ty  d i s t r i b u t i o n  a t  t h e  ape r tu re  g r id  is  

considered, e s p e c i a l l y  t h e  d i s t r i b u t i o n  i n  normal components of ve loc i ty .  

The la t te r  d i s t r i b u t i o n  determines t h e  c u r r e n t  co l l ec t ed  by an i n t e r n a l  

c o l l e c t o r  which i s  b iased  re la t ive t o  t h e  ape r tu re  g r i d ,  which has a 

f ixed  a t t rac t ive  p o t e n t i a l .  When the  c o l l e c t o r  is  r epu l s ive  with r e spec t  

t o  the  plasma, its cu r ren t  c h a r a c t e r i s t i c  approximates t h a t  of a simple 

r e p e l l i n g  probe, r ega rd le s s  of t h e  f a c t  t h a t  t h e  ape r tu re  g r i d  is  

attractive.  The approximation becomes improved when the  c o l l e c t i n g  area 

is  r e s t r i c t e d  t o  a s m a l l  region a t  t h e  c e n t e r  of t h e  probe, The theory 

of Ref. 2 provides an explanat ion f o r  t h i s  behavior.  When t h e  c o l l e c t o r  

is  attractive wi th  r e spec t  t o  the  plasma, the  c u r r e n t  rises l i n e a r l y  f o r  

some range of the  c o l l e c t o r  p o t e n t i a l ,  and subsequently levels o f f .  (2 1 

- 4 -  



Section V I 1  d e a l s  wi th  t h e  i s o l a t e d  satellite i n  t h e  form of a 

t runca ted  cy l inde r .  

dens i ty ,  i n  t h e  Laplace f i e l d ,  as t h a t  obtained f o r  t he  i n f i n i t e  satell i te.  
This agreement i s  due t o  t h e  l a r g e  dimensions of t he  satell i te (of t h e  

order of a meter) compared wi th  t h e  probe r a d i u s  (a  few cm). The Poisson 

f i e l d  w a s  no t  ca l cu la t ed ,  b u t  a t  small Debye l eng ths  t h e  cu r ren t  should 

be even less dependent on t h e  satel l i te  s i z e  than i n  the Laplace f i e l d .  

When t h e  p a r t i c l e  v e l o c i t y  d i s t r i b u t i o n  i s  a Maxwellian with Mach 

M and Mach vec tor  angle  y wi th  r e spec t  t o  t h e  probe normal, t he  c u r r e n t  

divided by Mcosy, which would be cons tan t  i n  one-dimensional i n f i n i t e -  

plane geometry, f a l l s  o f f  i n s t ead  with inc reas ing  y. 

The c a l c u l a t i o n s  y i e l d  the  same cent ra l -poin t  c u r r e n t  

I n  Sec, V I I I ,  test c a l c u l a t i o n s  are discussed f o r  monoenergetic 

photoelectrons emitted at the  su r face  of t he  i s o l a t e d  sa te l l i t e  and 

c o l l e c t e d  i n  the  Laplace f i e l d  of t h e  probe. 

a t  a po in t  is  p ropor t iona l  t o  t h e  cos ine  of t he  angle  of incidence of 

s o l a r  r ad ia t ion .  The c o l l e c t e d  c u r r e n t  i s  found t o  be a maximum when 

t h e  s o l a r  r a d i a t i o n  is  inc iden t  a long t h e  a x i s  of t he  probe ( s o l a r  angle  

zero),  and t o  f a l l  off  as t h e  s o l a r  angle  increases .  

The i n t e n s i t y  of emission 

I n  Appendix A, t h e  d i f f e r e n c e  equations f o r  t h e  Laplace o r  

Poisson problems are der ived  f o r  the i n f i n i t e  and i s o l a t e d  s a t e l l i t e s ,  

and t h e  method of s o l u t i o n  is given f o r  t h e  l i n e a r  equations.  

I n  Appendix B, t he  conversion of moment i n t e g r a l s  t o  Gaussian 

quadrature  ( t r a j e c t o r y )  sums is t r ea t ed .  

I n  Appendix C ,  t h e  equations of motion and t h e  method of i n t e r -  

po la t ion  i n  t h e  g r i d  are discussed f o r  t h e  t r a j e c t o r y  ca l cu la t ions .  

s tep-s ize  c o n t r o l  f o r  t r a j e c t o r y  accuracy i s  a l s o  given. 

A 

I n  Appendix D, t he  i t e r a t i o n  process is  discussed. 

I n  Appendix E, t h e  problem wi th  f ixed  zero p o t e n t i a l  on the  

boundary is considered i n  d e t a i l .  A l l  s t e p s  of t h e  i t e r a t i o n  process are 
presented i n  order t o  i l l u s t r a t e  t h e  method of computation. 
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In Appendix F, test ca l cu la t ions  are discussed which i l l u s t r a t e  

how changes a t  the  g r id  boundary a f f e c t  computed va lues  of cu r ren t  and 

dens i ty  , 
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11. INTEGRALS AND DOMAINS IN..VELOCITY -SPACE 

The cons idera t ions  of t h i s  s e c t i o n  are based on t h e  assumption 

of a f ixed  f i e l d  conf igura t ion .  The scalar p a r t i c l e  d e n s i t y  n (z )  and t h e  

vec tor  c u r r e n t  d e n s i t y  J ( r )  a t  a po in t  r i n  ordinary space may be w r i t t e n  

as t r i p l e  i n t e g r a l s  over v e l o c i t y  space of t h e  form 

+ +  -t 

+ 
where v is t h e  vec tor  v e l o c i t y  of a p a r t i c l e  passing through t h e  poin t  

r. The d i s t r i b u t i o n  func t ion  f(r,  v) is the  d e n s i t y  of p o i n t s  i n  six- 

dimensional phase space. In  t h e  time-independent c o l l i s i o n - f r e e  case,  and 

-t + +  

where t h e  p a r t i c l e s  move under conserva t ive  f o r c e s ,  the  energy E i s  

cons tan t  a long any t r a j e c t o r y .  

on t h e  conetan ts  of motion and thus  i s  cons tan t  along each t r a j e c t o r y .  

That is, each t r a j e c t o r y ,  charac te r ized  by a p a i r  of vec to r s  ( r ,  v ) ,  

connec ts -poin ts  of equal values of f .  

The func t ion  f i n  (2-1) and (2-2) depends only 

+ +  

The region of interest may be considered t o  be enclosed by a 
composite boundary s u r f a c e  where t h e  phase dens i ty  is assumed known. 

The boundary c o n s i s t s  of two por t ions .  

su r f ace  a t  i n f i n i t y ,  where an unperturbed par t ic le  v e l o c i t y  d i s t r i b u t i o n  

i s  assumed t o  e x i s t ,  e.g., a streaming Maxwellian i n  t h e  form: 

One po r t ion  is t h e  "external" 
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where 

I n  (2-3), n i s  the  unperturbed p a r t i c l e  dens i ty ,  m is the  p a r t i c l e  mass, 

T i s  t h e  temperature, vm is  the  ve loc i ty  a t  i n f i n i t y ,  v i s  t h e  streaming 

(Mach) ve loc i ty ,  and em i s  t h e  ang le  between vm and v The d i s t r i b u t i o n  

(2-3) r ep laces  t h e  func t ion  f whenever r and v de f ine  a t r a j e c t o r y  which 

connects with i n f i n i t y .  

+ + 0 

+ + O  

0 + + 

The o t h e r  por t ion  of t h e  boundary c o n s i s t s  of " in te rna l"  sur -  

faces  i n  t h e  near  v i c i n i t y ,  such as t h e  probe and sa te l l i t e  su r faces ,  

I f  these  i n t e r n a l  su r f aces  emit p a r t i c l e s  such as photoelectrons o r  

secondary-electrons,then t he re  i s  a non-vanishing d i s t r i b u t i o n  f 

appears i n  (2-1) and (2-2) whenever r and v de f ine  a t r a j e c t o r y  which 

which 
S + + 

connects with t h e  su r face ,  

Disregarding t r a j e c t o r i e s  corresponding t o  trapped p a r t i c l e s ,  

w e  see t h a t  (2-1) and (2-2) may be resdlved i n t o  t h e  sum of two t r i p l e  

i n t e g r a l s ,  namely, 

where the  f i r s t  i n t e g r a l  i n  each equat ion is comprised of a l l  contribu- 

t i o n s  coming from i n f i n i t y ,  and t h e  second i n t e g r a l  i s  comprised of a l l  

cont r ibu t ions  coming from t h e  nea r  sur faces .  

- 8 -  



-+ 
The whole of l o c a l  v e l o c i t y  space, i.e., the  vec tor  space v, is  therefore  

divided i n  two domains, one corresponding t o  cgnpections with i n f i n i t y ,  

and t h e  o ther  corresponding t o  connections wi th  a near  sur face .  

a su r face  of demarcation sepa ra t ing  these  two domains i n  ve loc i ty  space. 

This su r face  may be t raced  out  by t r a j e c t o r y  ca l cu la t ions .  

There is  

+ -+ 
I n  order  t o  determine whether a spec i f i ed  ve loc i ty  v ( a t  r )  

connects wi th  i n f i n i t y  o r  with a near  sur face ,  t h e  t r a j e c t o r y  may b e  

followed backwards i n  t i m e  t o  i ts  o r ig in  ( a l l  t r a j e c t o r i e s  being 

dynamically r eve r s ib l e ) .  I n  general ,  t h i s  i s  a t a s k  f o r  a computer, and 

a computational scheme is  out l ined  i n  t h e  next  s ec t ion .  
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111. DENSITY AND CURRENT 

Since i s o t r o p i c  v e l o c i t y  d i s t r i b u t i o n s  are f r equen t ly  of i n t e r e s t ,  

i t  w i l l  be convenient t o  express t h e . v e l o c i t y  space volume elements of 

Sec, I1 i n  po lar  form. Thus, (2-1) and (2-2) become’ 

+- [\[ f v 3 dv cosa  dS2 j ( r )  = (3-2) 
- d 4  

hemisphere 

where we have expressed t h e  volume element by 

3 - t  
d v = v2 dv dQ, dS2 = s i n a  dol d$ (3-3) I 

and where v ,  a,  and $ are t h e  magnitude, po lar  angle,  and azimuthal angle ,  

r e spec t ive ly ,  of t h e  v e l o c i t y  vec to r  v. The scalar equat ion  (3-2) implies 

t h a t  j i s  t h e  component of t h e  c u r r e n t  dens i ty  vec tor  j i n  t h e  d i r e c t i o n  

of t h e  chosen a x i s  (e.g, , t h e  normal t o  t h e  probe su r face ) .  I n  (3-1) 

t h e  angular i n t e g r a t i o n  i s  over t h e  sphere  I IT s t e r a d i a n s ) ,  while  i n  

(3-2) t h e  angular i n t e g r a t i o n  i s  over t he  forward hemisphere  I IT 
s t e rad ians )  

+- 

+- 

More u s e f u l  forms f o r  t h e  equations are obtained i f  t h e  in t eg ra -  

t i o n  over v is converted i n t o  an i n t e g r a t i o n  over k i n e t i c  energy E of 

t h e  p a r t i c l e s  a t  t h e  emi t t i ng  sur face .  

is  a func t ion  q ( r )  wi th  respect t o  the  emi t t i ng  sur face ,  w e  have t h e  

d i f f e r e n t i a l s :  

Thus, when t h e  p o t e n t i a l  energy 
+- 
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2 1 /2  
o dv = (3) dE (3 -4 )  

and 

v 3 dv 5 2 2 (E-@) dE (3-5 1 
m 

where E-I$ is  required t o  be pos i t ive .  Otherwise, t he  d i f f e r e n t i a l s  vanish.  

Note t h a t  t he  t o t a l  energy f o r  t he  t r a j e c t o r y  i s  E t a s ,  where Q 

p o t e n t i a l  energy of t he  emi t t i ng  surface.  

is the  
S 

For concreteness,  assume t h a t  t h e r e  is a streaming Maxwellian 

ve loc i ty  d i s t r i b u t i o n  a t  i n f i n i t y  with streaming ve loc i ty  vo, and an 

i s o t r o p i c  emission (e.g., secondary o r  pho toe lec t r i c )  func t ion  a t  the  

sa te l l i t e  su r face  outs ide  t h e  probe. Then t h e  dens i ty  i n t e g r a l s  are 

given by t h e  following formulae: 

n = nw + ns ( 3 - 6 )  

where (see Sec. 11) 

with (see Equation (2-4)) 
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and 

2 2 E mv, /2kT, M2 mvo /2kT, $ 5 Q/kT (3-9) 

m 

fs(E, gs) dE (E-@) 1 /2  
(3-10) 

‘I2 dE] 
S 

Max( Q -0) 

L -0 
I I -  

J 

The symbol Max(p, 0) is  def ined t o  be p i f  p > 0, and zero i f  p < 0. I n  

(3-7), E, 4 ,  and Mare t h e  dimensionless energy, p o t e n t i a l ,  and Mach 

number according t o  (3-9), and CP i s  t h e  l o c a l  p o t e n t i a l  relative t o  i n f i n i t y ,  

where the dens i ty  i s  no. 

(3-7) inc ludes  only d i r e c t i o n s  such t h a t  t h e  t r a j e c t o r i e s  of dimensionless 

energy E o r i g i n a t e  a t  i n f i n i t y .  

i s  the  k i n e t i c  energy d i s t r i b u t i q n  of emitted p a r t i c l e s  a t  t h e  t r a j e c t o r y  

emission po in t  r n i s  the  dens i ty  of emitted p a r t i c l e s  a t  the  po in t  

r and t h e  i n t e g r a l  over s o l i d  angles  inc ludes  only d i r e c t i o n s  such t h a t  

t h e  t r a j e c t o r i e s  of k i n e t i c  energy E o r i g i n a t e  a t  t he  sa te l l i t e  sur face .  

Note t h a t  r depends on t h e  t r a j e c t o r y ,  and t h a t  Q i s  the  l o c a l  p o t e n t i a l  

energy re la t ive t o  t h e  satel l i te .  

Moreover, t he  i n t e g r a l  over s o l i d  angles  i n  

+- 
I n  (3-lo),  E i s  dimensional, f (E, r s )  

S 

-f 

s’ so +- 

S’ 

+- 

S 

+- 
Simi lar ly ,  t h e  probe c u r r e n t  i n t e g r a l s  a t  a poin t  r on t h e  probe 

s u r f a c e  are given by t h e  fol lowing formulae: 

where 

j = j, + js  (3-11) 

(3-12) 
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2 with u defined by (3-8) and (3-91, and 

f (E, dE 
S (3-13) 

Max(@,O) /- [~ fi (E, :.)d.] 
s (hemisphere) 

The q u a n t i t i e s  i n  (3-12) are gefined as i n  (3-7), and the  q u a n t i t i e s  i n  

(3-13) are defined as i n  (3-lo), with rs being t h e  poin t  of o r i g i n  of 

the  t r a j e c t o r y  on t h e  satellste surfade.  

of cu r ren t  dens i ty  of emitted p a r t i c l e s  a t  the  poin t  rs, and E i s  the  

mean k i n e t i c  energy of t he  emitted p a r t i c l e s ,  

i s o t r o p i c  emission a t  t h e  poin t  rS. This i s  equivalent  t o  assuming a 

"cosine law" f o r  t h e  cu r ren t  dens i ty  per  u n i t  s o l i d  arigle. 

+ 

Here, j is  t h e  normal component 
so -b 

Note t h a t  (3-13) assumes 
+ 

Equation (3-11) i s  based on t h e  assumption of nu emission from 

t h e  probe surfach. 

of t he  form of (3-13), but counting only t r a j e c t o r i e s  which Originate  a t  

other  po in ts  rs on t h e  probe sur face ,  would g ive  t h a t  p a r t  of t h e  cur ren t  

dens i ty  which r e t u r n s  t o  t h e  probe a t  the  po in t  r. 

If such emission were t o  be  considered, an i n t e g r a l  

-b 

-b 
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IV. PROBE CURRENT I N  LAPI&CE FIELD -- I N F I N I T E  SATELLITE 

I f  t h e  sa te l l i te  i n  whose s k i n  t h e  c i r c u l a r  p lanar  probe is 
L .  f i  

mounted is  s o  l a r g e  t h a t  it-s-dimefisions are l a r g e  compared wi th  an effec-  

t ive  length  cha rac t e r i z ing  the  range of t h e  p o t e n t i a l  f i e l d  of t h e  probe, 

then the  satel l i te  may be  represented t o  a good approximation by an 

i n f i n i t e  f l a t  plane. 

sa te l l i t e  is  a t  t h e  plasma p o t e n t i a l .  

represented by an i n f i n i t e  plane held a t  zero  p o t e n t i a l ,  as i n  Fig.  2 ,  
i n  which the re  is  a c i r c u l a r  reg ion  { i * e . ,  the  probej 'he ld  a t  p o t e n t i a l  

(energy) (Po = -Vo. Figure 2 i d e a l i z e s  t h e  OGO probe, which c o n s i s t s  of 

an outer  g r id  and an inner  c o l l e c t o r  (p lus  in te rmedia te  g r ids  not  shown). 

,Le t t i ng  r and z denote c y l i n d r i c a l  r a d i a l  and axial  coordinates ,  

respec t ive ly ,  t h e  p o t s n t i a l  d i s t r i b u t i o n  i s  given, f o r  i n f i n i t e  Debye 

length,  by the  Laplace so lu t ion :  

This approximation is  c o n s i s t e n t  provided the  

The geometry may then be w e l l  

Q) 

@ ( r ,  z )  = (Po k-' J1(x) Jo (xr) d x  (4-1) 

where r and z are mul t ip les  of t he  probe rad ius .  

contours of t h e  i n t e g r a l  i n  (4-1) are given i n  RBf. 1, (See a l s o  

Table 1.) 

cu r ren t  dens i ty  of a t t r a c t e d  p a r t i c l e s  coming from a streaming Maxwellian 

ve loc i ty  d i s t r i b u t i o n  a t  i n f i n i t y  is computed by eva lua t ing  Equation (3-12) 

numerically.  

A l a r g e  t abu la t ion  and 

I n  t h e  f ixed  p o t e n t i a l  f i e l d  def ined  by (4-1) or  Table 1, the  

I n  order  t o  do t h i s ,  we  r ep lace  (3-12) by a quadrature  sum,, 

as shown i n  Appendix B,  i n  t h e  form: 
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+ 1 /2  where j i s  evaluated a t  a r a d i a l  p o s i t i o n  r on t h e  probe, j P Q 
i s  t h e  random c u r r e n t  dens i ty  a t  i n f i n i t y ,  6 is  a Heaviside func t ion  

which is  un i ty  i f  t h e  t r a j e c t o r y  connects with i n f i n i t y ,  and Emin = Max (4,O) 
i s  t h e  lower limit of t h e  energy i n t e g r a l ,  

= no(kT/2rm) 

I n  obtainlng ( 4 - 2 )  w e  have 

made t h e  transformations 

E = (1 + x ) / ( l  - X )  + Emin ( 4 - 4 )  

( 4 - 5 )  2 s i n  a = (y + 1 ) / 2  

$ = A ( Z  + 1 )  ( 4 - 6 )  

where x,  y, and z vary  i n  t h e  range (-1, 1) .  

formulae may be employed f o r  each of these  v a r i a b l e s ,  wi th  absc i s sae  

xk, yII, and z 
( 4 - 4 )  - ( 4 - 6 ) .  

r e spec t ive ly .  The index t r i p l e t  (k, II,  m) i n  t h e  sum ( 4 - 3 )  def ines  a 

s i n g l e  t r a j e c t o r y  a t  t h e  po in t  r , which may be  t r aced  backwards i n  

Then Gaussian quadrature 

so t h a t  Ek = E(%), aR = a(yII) ,  and Bm = B(zm) through 

The as soc ia t ed  c o e f f i c i e n t s  are %, HII, and Hm, 
m' 

.+ 

P 
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2 
kRm t i m e  according t o  the p r e s c r i p t i o n  i n  Appendix C. 

t he  exponent ia l  of ( 4 - 3 )  is  the va lue  of u 

the  t ra jec tory ,and  t h e  quan t i ty  6 kllm 
t r a j e c t o r y  i s  found t o  come f r o m i n f i n i t y ,  and zero otherwise.  The 

number of t r i p l e t s ,  o r  terms i n  t h e  sum ( 4 - 3 ) ,  i s  equal  t o  t h e  t o t a l  

number of t r a j e c t o r i e s .  

probe axis, t h e r e  i s  no prefer red  azimuthal plane; then  symmetry al lows 

u s  t o  r ep lace  l~ by 7r/2 i n  ( 4 - 6 )  and thus ob ta in  higher  quadrature  accuracy i n  

the@-in tegra t ion ,  w i th  the  same Gaussian order.  I f  t h e  f i e l d  i s  a x i a l l y  

symmetric (e.g., t h e  Laplace f i e l d ) ,  t he  @-in tegra t ion  is  t r i v i a l  a t  t h e  

c e n t r a l  po in t  of t h e  probe. 

The quan t i ty  u 

given by ( 3 - 8 )  a t  the  end of 

i n  
2 

is  defined t o  be un i ty  i f  t h e  

I f  t h e  s t reaming d i r e c t i o n  is  p a r a l l e l  t o  t h e  

The cur ren t -co l lec t ing  area (aper ture)  w a s  def ined t o  have a 

r ad ius  R = 1.665 cm,  i o e . ,  one-half of the.prob,e r ad ius  3 . 3 3  cm, i n  these  

ca l cu la t ions .  I f  r and 8 denote t h e  r a d i a l  and azimuthal coordinates  of 

a po in t ,  t h e  cu r ren t  co l l ec t ed  by t h e  a p e r t u r e  is  given by an i n t e g r a t i o n  

over t h e  su r face  area, namely: 

21T R 1 

where t h e  t ransformations have been made: 

e = a(ap + 1) (4-9) 
P 
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r = R[ (bq +1) /2I1I2 
Q 

(4-10) 

and i n  (4-9) and (4-10) , a and b are I n  (4-7) and (4-8) , Io = nR 
t h e  Gaussian absc i s sae  f o r  t h e  azimuthal angle  and r a d i a l  i n t e g r a t i o n s ,  

r e spec t ive ly .  

t h e  azimuthal  i n t e g r a l  is t r i v i a l  s i n c e  j is independent of 0 .  

JO) P Q 

I f  t h e  s t reaming d i r e c t i o n  i s  p a r a l l e l  t o  t h e  probe a x i s ,  

I n  a l l  c a l c u l a t i o n s  f o r  t h e  i n f i n i t e  sa te l l i te  case, t h e  

streaming d i r e c t i o n  was p a r a l l e l  t o  t h e  probe ax i s .  

f i e l d ,  t h e  c u r r e n t s  were found t o  be e s s e n t i a l l y  independent of t h e  g r i d  

boundary p o s i t i o n  beyond about two probe r a d i i .  

For t h e  Laplace 

Table 2 g ives  computed c u r r e n t  of i o n s  c o l l e c t e d  by t h e  ape r tu re  

( i n  mul t ip les  of t he  c u r r e n t  a t  zero  p o t e n t i a l ) ,  a t  Mach zero, as a 

func t ion  of ape r tu re  p o t e n t i a l  energy ( i n  mul t ip l e s  of kT). 

energy i s  negat ive  i n  the  ion -a t t r ac t ion  range. 

the vo l t age  equiva len t  is  given f o r  an assumed temperature of 1300°K. 

I n  order t o  c a l c u l a t e  t hese  c u r r e n t s  (see Appendices A and B ) ,  t he  

Laplace p o t e n t i a l  given by (4-1) w a s  represented  on a gr id  wi th  ou te r  

boundaries a t  r = z = 3a, where a is t h e  probe r ad ius  (3.33 cm). The 

g r i d  w a s  d iv ided  i n t o  1 2  equal  i n t e r v a l s  i n  both r and z. 

shows such a g r id  wi th  6 i n t e r v a l s  i n  r and 2.1 
0.8325 cm) f o r  12 i n t e r v a l s ,  and a/2 f o r  6 i n t e r v a l s .  

ca l cu la t ed  using 16 va lues  of k, 8 va lues  of R, and 8 values of m i n  (4-3), 

and 3 va lues  of q i n  (4-8), t h a t  is, a f a i r l y  coa r se  r e so lu t ion .  The 

t r a j e c t o r y  s t e p  length  was s e l e c t e d  t o  be 0.24 A r  (or 0.2 cm). Subse- 

quent work shows t h a t  t he  va lue  of t he  cu r ren t  depends s t r o n g l y  on t h e  

s t e p  s i z e  o r  t r a j e c t o r y  accuracy (see Appendix C ) ;  f o r  t he  r a t h e r  coarse  

s t e p  s i z e  used (0.2 cm), t h e  cu r ren t s  i n  Table 2 are sdt imated t o  have 

The p o t e n t i a l  

I n  t h e  left-hand column, 

(Figure A-1 

Thus, A r  = Az = a /4  (or 
The c u r r e n t s  were 

e r r o r s  of t h e  order of 5% a t  the  h ighes t  p o t e n t i a l s ,  and less i n  t h e  low- 

p o t e n t i a l  range. 

t h e  cu r ren t ,  wi th  s lope  very c l o s e  t o  3/4. 

The most s t r i k i n g  r e s u l t  i s  t h e  l i n e a r  behavior of 

A t h e o r e t i c a l  j u s t i f i c a t i o n  
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of t h i s  l i n e a r  behavior and slope is  given i n  Ref. 2. Also, the behavior 

of an experimental c i r c u l a r  p lanar  guard-ring probe i n  t h e  labora tory  i s  
(4) cons i s t en t  wi th  t h e s e  ca l cu la t ions .  

Table 3 gives t h e  computer c u r r e n t  a t  var iobs  Mach numbers i n  

the  Laplace f i e l d ,  wi th  probe p o t e n t i a l  f i xed  a t  -45.54 kT, corresponding 

t o  -5.1 v o l t s  a t  1300'K. 

p o t e n t i a l  cu r ren t ,  so  t h a t  t h i s  r a t i o  approaches uni ty  a t  l a r g e  Mach 

numbers. 

with 6 equal i n t e r v a l s  i n  each d i r e c t i o n .  The s t e p  s i z e  was .025 cm, or 

0.03 Az = 0.015 A r .  The Current d e n s i t i e s  a t  3 r a d i a l  p o s i t i o n s  are a l s o  

given i n  Table 3. The v a r i a t i o n  with r ad ius  of these c u r r e n t  d e n s i t i e s  

should diminish wi th  increas ing  Mach numbers, The fact t h a t  t he  r a d i a l  

v a r i a t i o n  i s  not  reduced wi th  inc reas ing  Mach numbers i n d i c a t e s  t h a t  t h e  

number of t r a j e c t o r i e s  employed ( i .e . ,  t he  o rde r s  of t h e  Gaussian quadra- 

t u r e s )  must be increased t o  maintain accuracy a t  l a r g e  Mach numbers. 

The cu r ren t  i s  given i n  mul t ip l e s  of t he  zero- 

The g r i d  employed had ou te r  boundaries a t  r = 3a and z = 1.5a, 

Table 3 r ep laces  the  curve i n  Fig. 5 of Ref, 1, which i s  some- 

what i n  e r r o r  s i n c e  i t  w a s  computed wi th  a very  l a r g e  s t e p  s i z e  (0.8 cm), 
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V, PROBE CURRENT I N  POISSON FIELD -- INFINITE SATELLITE 

For t h e  Poisson problem, t h e  g r i d  (Appendix A) employed f o r  

de f in ing  t h e  p o t e n t i a l  f i e l d  may a l s o  be  used f o r  de f in ing  the  p a r t i c l e  

d e n s i t y  d i s t r i b u t i o n s .  

expressed i n  a schematic vec to r  form in  t e r m s  of dimensionless quant i -  

ties, namely: 

The numerical problem t o  be solved may be 

-+ 
L$ = (5-1) 

Equation (5-1) r ep resen t s  t h e  Poisson equation i n  d i f f e r e n c e  form 

(Appendix A) as a set of N simultaneous equations wi th  N unknowns, where 

N r ep resen t s  t h e  number of g r i d  po in t s  where t h e  p o t e n t i a l s  and d e n s i t i e s  

are t o  be evaluated. The va lues  of t h e  p o t e n t i a l  a t  t h e  g r i d  poin ts  are 

considered t o b e  ComponentsofanN-dimensional vec tor  4, and the  values of 

t h e  e l e c t r o n  and ion  p a r t i c l e  d e n s i t i e s  a t  t h e  g r id  p o i n t s  are a l s o  com- 

ponents of N-dimensional v e c t o r s  ne and ni, r e spec t ive ly .  

L i n  (5-1) i s  the  mat r ix  operator derived from t h e  d i f f e renc ing  of t h e  

Laplacian opera tor ,  The right-hand s i d e  of (5-1) expresses the  f a c t  

t h a t  each component of ne o r  n 

ponent of 4.  

-t 

-t -+ 
The opera tor  

-+ + 
gene ra l ly  depends on more than  one com- i 

-t 

3 - t  + 
Since the  r e l a t i o n s h i p  between ne, ni and (I i s  non-linear, an 

i t e r a t i o n  procedure must be used. 

f o r  4,  f o r  example, t h e  Laplace f i e l d ,  w e  c a l c u l a t e  f i r s t - o r d e r  vec to r s  

n and n i n  t h i s  f i e l d  (Appendix B ) ,  and so lve  (5-1) f o r  a new 

( f i r s t - o r d e r )  4,  I t e r a t i o n  continues u n t i l  t h e  right-hand and left-hand 

s i d e s  of (5-1) are cons i s t en t .  I f  one a c t u a l l y  starts with the  Laplace 

so lu t ion ,  i.e., i f  t h e  i n i t i a l  guess is poor, t h e  procedure may d iverge  

un le s s  a s u i t a b l e  a r t i f i c i a l  damping process is  imposed. 

treats t h e  problem of i t e r a t i o n  wi th  damping, which i s  introducekl through 

S t a r t i n g  wi th  a (zero-order) guess 
-t 

-+ -t 

-+ e i 

Appendix D 

t h e  coupling o r  mixing of successive iterates. I n  general ,  t h e  tendency 
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of t h e  i t e r a t i o n  t o  diverge depends on t h e  p o s i t i p n  of t h e  boundary. 

the  boundary i s  very near ( t o  the  probe),  t he  i t e r a t i o n  i s  s t a b l e  even 

without damping. But s i n c e  the  des i red  cu r ren t  must correspond t o  a 

t h e o r e t i c a l  boundary a t  i n f i n i t y ,  the  computational bpundary must i n  
p r a c t i c e  be placed a t  a s u f f i c i e n t l y  g r e a t  d i s t a n c e  t h a t  i ts  pos i t i on  does 

not  a f f e c t  t h e  cur ren t ,  A t  the  same t i m e ,  however, t he  d i r e c t  i t e r a t i o n  

without damping becomes highly uns tab le ,  and t h e  so lu t ion  i s  d i f f i c u l t  

t o  achieve. Experience ind ica t e s  t h a t  with s u f f i c i e n t l y  s t rong  damping 

one may always obta in  a so lu t ion ,  a t  hhe c o s t  of increas ingly  lengthy 

computing t i m e  

I f  

The ca l cu la t ions  presented i n  Appendix E i l l u s t r a t e  the  method 

of i t e r a t i o n  with mixing. 

Self-consis tent  Poisson so lu t ions  a t  Mach zero (Table 4) and 

Mach 3 (Table 5) have been obtained f o r  a Debye length  of 1 cm, i o e o ,  3/10 

of the  probe r ad ius  (3.33 em), a t  a probe p o t e n t i a l  of -45.54 kT (-5.1 

v o l t s  wi th  T = 1300°K). 

For the  Mach zero case,  t h e  t o t a l  cu r ren t  co l l ec t ed  i n  t h e  

Poisson f i e l d  wi th  Debye length  1 cm, by an area 1,665 cm i n  rad ius ,  i s  

25 (Table 6) i n  mul t ip les  of t he  zero-potent ia l  cur ren t .  For the  same 

problem but  wi th  i n f i n i t e  Debye length ,  i o e o ,  the  Laplace f i e l d ,  the  

t o t a l  cu r ren t  i s  36 (Table 6). These values  f o r  t h e  t o t a l  cu r ren t  (of 

e i t h e r  a t t r a c t e d  ions  o r  a t t r a c t e d  e lec t rons)  were obtained by i n t e g r a t i n g  

the  cu r ren t  dens i ty  over the  c i r c u l a r  c o l l e c t i n g  area, using 3 r a d i a l  

points .  (See (4-8).) Table 6 gives  the  values  of t h e  t o t a l  co l l ec t ed  

cur ren t  and of t he  cu r ren t  dens i ty  a t  t h e  3 r a d i a l  po in t s ,  i h ’n iu l t i p l e s  

of the  zero-potent ia l  values .  Also given i s  t h e  current dens i ty  a t  the  

c e n t r a l  po in t ,  namely 35,5 and 33.3 f o r  t h e  Laplace and Poisson f i e l d s ,  

respec t ive ly .  These cur ren t  d e n s i t i e s  are the  most , accura te  ava i l ab le  

va lues ,  having been computed with 64 values  of k and R. 

f 

The cent ra l -poin t  cu r ren t  dens i ty  w a s  ca lcu la ted  using f i n e  

t r a j e c t o r y  r e so lu t ion ,  namely, 64 va lues  of k and 32 values  of R i n  
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(4-3), and small s t e p  s i z e ,  t o  ob ta in  h igh  accuracy. It i s  i n t e r e s t i n g  

t h a t  t h e  c u r r e n t  d e n s i t y  is nea r ly  the  same f o r  t he  Poisson and Laplace 

f i e l d s ,  i .e.,  33.3 and 35.5, r e spec t ive ly .  The c e n t r a l  cu r ren t  dens i ty  

has been t r e a t e d  t h e o r e t i c a l l y  f o r  t h e  Mach zero  case  i n  Ref. 2. There 

i t  i s  shown, on t h e  b a s i s  of an impulse approximation employing s t r a i g h t -  

l i n e  t r a j e c t o r i e s ,  t h a t  t h e  central c u r r e n t  d e n s i t y  is  approximately 

independent of Debye l e n g t h  (i .e. ,  of t h e  shape of t h e  p o t e n t i a l  f a l l -  

o f f ) .  

i nc reas ing  r a d i u s  more r a p i d l y  i n  the  Poisson case than i n  t h e  Laplace 

case  ( i n  which i t  i s  near ly  cons tan t ) .  

t h e  c u r r e n t  c o l l e c t e d  by a f i n i t e  area i n  the  Poisson case is considerably 

However, Table 6 shows t h a t  t h e  c u r r e n t  d e n s i t y  f a l l s  o f f  wi th  

This accounts f o r  t h e  f a c t  t h a t  

less than i n  t h e  Laplace case. 

length  g e t s  small, t h e  c u r r e n t  

r ap id ly  wi th  rad ius .  

For the Mach 3 case, 

f o r  t h e  Poisson f i e l d ,  and 3.2 

no t i ceab le  f a l l -o f f  i n  c u r r e n t  

are no t  accu ra t e  s i n c e  too  few 

It may be expected t h a t  as t h e  Debye 

d e n s i t y  w i l l  drop off more and more 

t h e  t o t a l  c o l l e c t e d  i o n  c u r r e n t  is 2.4 

f o r  t h e  Laplace f i e l d .  There is no 

dens i ty  wi th  rad ius .  However, t he  va lues  

t r a j e c t o r i e s  were used,* 

The g r id  employed f o r  t h e  Poisson dens i ty  and p o t e n t i a l  calcu- 

l a t i o n s  w a s  t h e  same as t h a t  used f o r  t h e  Laplace f i e l d  cu r ren t  calcula- 

t i o n s  (Appendix A). The d i f f e r e n c e  equations were t e s t e d  by comparing 

t h e i r  s o l u t i o n  i n  the  Laplace case wi th  t h e  exac t  s o l u t i o n  (cog., Table 1 ) .  

A s o l u t i o n  of adequate accuracy ( i n  the  sense of small v a r i a t i o n s  i n  t h e  

cu r ren t )  w a s  obtained using a g r i d  wi th  outer  boundaries a t  r and z i n  

excess of about 2 and 1.5 probe r a d i i ,  r e spec t ive ly .  

t he  f ineness  of t h e  g r id  mesh, i.e., t h e  s i z e  of t h e  g r id  i n t e r v a l s  A r  

and Az, is not  y e t  w e l l  e s t ab l i shed .  

o r  12- in te rva l  g r i d s  seem considerably less s e n s i t i v e  t o  t r a j e c t o r y  

The r o l e  played by 

Currents ca l cu la t ed  wi th  6 - in t e rva l  

accuracy than 3- in te rva l  g r ids .  

ca l cu la t ions .  

S i m i l a r  observations apply t o  dens i ty  
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T e s t  c a l cu la t ions  were made with a series of Poisson problems 

with increas ing  va lues  of z a t  t h e  boundary, t o  determine t h e  boundary 

pos i t i on  beyond which the  c u r r e n t  becomes s t a t iona ry .  These tests indi -  

cate t h a t  boundary va lues  of  z g r e a t e r  than  1.5 probe r a d i i  are probably 

adequate,  and t h a t  one should c e r t a i n l y  b e  s a f e  a t  3 probe r a d i i .  

A d ipo le  l a w  w a s  assumed a t  the  g r i d  boundary i n  ordeE to al low 

t h e  p o t e n t i a l  t o  f l o a t ,  

f o r  t h e  Laplace f i e l d . )  

symmetric probe  calculation^(^) t o  be more e f f i c i e n t  than t h a t  of 

f i x i n g  t h e  p o t e n t i a l  t o  be zero. 

boundary problem (Appendix E) w a s  solved,  y i e ld ing  t h e  same c e n t r a l  cu r ren t  

dens i ty  (within 3%) as t h e  d ipo le  boundary problem. 

(The d ipo le  l a w  i s  the  c o r r e c t  asymptotic l a w  

This procedure has been found i n  sphe r i ca l ly  

I n  t h e  p re sen t  work, a zero-potent ia l  

Selected numerical  r e s u l t s  bear ing  on some of t h e  above 

quest ions are discussed i n  Appendix F. 

The ion  and e l e c t r o n  p a r t i c l e  d e n s i t i e s  are tabula ted ,  f o r  

t he  Poisson Mach zero problem i n  Tables 7 and 8, and f o r  t h e  Poisson 

Mach 3 problem i n  Tables 9 and 10. 

t h e  var ious  g r i d  po in t s  are ind ica t ed  by the  numbers i n  parentheses  i n  

t h e  ion  dens i ty  t a b l e s ,  

on t h e  approach of t h e  d e n s i t i e s  toward s t a t i o n a r y  va lues ,  

Appendix E f o r  i l l u s t r a t i o n . )  

ca l cu la t ions  (Appendix A) d i d  no t  r equ i r e  t h e  values  of t h e  d e n s i t i e s  

e i t h e r  a t  po in t s  on t h e  boundary o r  on t h e  ax is .  

The t r a j e c t o r y  s tep-s izes  used a t  

These w e r e  determined by tests, a t  each po in t ,  

(See 

The d i f f e rence  scheme used f o r  these 

The dens i ty  ca l cb la t ion  i s  performed by rep lac ing  ( 3 - 7 )  by a 

transformed i n t e g r a l  and quadrature  similar t o  ( 4 - 2 )  and ( 4 - 3 ) ,  namely: 
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where (5-3) i s  similar i n  form t o  (4-3), with s i m i l a r l y  def ined q u a n t i t i e s .  

However, although the  energy and azimuthal angle  t ransformations are 

i d e n t i c a l  t o  (4-4) and (4-6), t h e  polar  angle  t ransformation is  given by 

cosa = y ins t ead  of (4-5). (See Appendix B,) 

For t h e  dens i ty  ca l cu la t ions ,  16 va lues  of k,  8 values  of R, 
and 8 values  of m w e r e  used a t  each dens i ty  point .  These numbers were 

determined on t h e  bas i s  of tests with t h e  Laplace f i e l d ,  which i s  

r e l a t i v e l y  slowly-varying. The same number of t r a j e c t o r i e s ,  i.e., 1024, 

w a s  used a t  each poin t  f o r  t h e  Poisson problems as w e l l ,  al though the  

more rap id  v a r i a t i o n  of p o t e n t i a l  probably r equ i r e s  higher t r a j e c t o r y  

r e s o l u t i o n  (more t r a j e c t o r i e s )  t o  maintain low e r r o r  a t  ind iv idua l  dens i ty  

points .  This coarse  r e so lu t ion  w a s  empioyed i n  t h e  interest of saving 

computer time, with the  expec ta t ion  that f o r  the f i n a l  cur ren t  t he  n e t  

e r r o r  would probably be less than t h a t  of any ind iv idua l  densi ty .  

required r e so lu t ion  should be increased with inc reas ing  Mach number, 

The 

however, and the re fo re  the  Poisson r e s u l t s  i n  t h e  Mach 3 case must be 

considered as much more approximate than those i n  t h e  Mach zero case.  
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V I .  VELOCITY DISTRIBUTION AT THE APERTURE. RETARDED CURRENT. 

L e t  t he  ape r tu re  g r id  of t h e  probe be  a t  a f ixed  a t t rac t ive  

vol tage  wi th  r e spec t  t o  t h e  plasma, and l e t  a p a r a l l e l  c o l l e c t o r  behind 

the  ape r tu re  g r i d  have a v a r i a b l e  b i a s  relative t o  t h e  ape r tu re  g r i d ,  as 

i l l u s t r a t e d  i n  Figo 2, 

t h e  ape r tu re  g r i d ,  then a l l  of t h e  cu r ren t  passing through t h e  ape r tu re  

i s  co l l ec t ed  by t h e  c o l l e c t o r .  

i n  t h e  previous sec t ions  r e f e r ,  t he re fo re ,  t o  t h e  cu r ren t  co l l ec t ed  by a 

c o l l e c t o r  which is a t  zero (or attractive) p o t e n t i a l  relative t o  t h e  

ape r tu re  gr id .  

g r i d ,  t h e  cu r ren t  is  reduced, and t h e  shape of t h e  curve of co l l ec t ed  

cur ren t  versus  r epu l s ive  c o l l e c t o r  p o t e n t i a l  depends on the  d i s t r i b u t i o n  

of normal components of v e l o c i t y  a t  t h e  ape r tu re  sur face .  

mental  s i t u a t i o n  of t h e  c i r c u l a r  p lanar  probe geometry, i t  i s  p a r t i c u l a r l y  

convenient t o  place a r epu l s ive  c o l l e c t o r  (with var ious  screening g r ids )  

behind the  ape r tu re  grid, .  and thereby analyze t h e  c u r r e n t  f o r  i n f o r h -  

t i o n  regarding the  v e l o c i t y  d i s t r i b u t i o n  a t  i n f i n i t y ,  

I f  t h e  c o l l e c t o r  i s  attractive with r e spec t  t o  

The cur ren t -co l lec t ion  formulae discussed 

I f  t h e  c o l l e c t o r  i s  r epu l s ive  wi th  r e spec t  t o  t h e  ape r tu re  

In  the  experi-  

The t h e o r e t i c a l l y  expected c u r r e n t  t o  t h e  c o l l e c t o r  may be 

computed by t r a j e c t o r y  summations similar t o  ( 4 - 3 )  and ( 4 - 8 ) .  

convenient f o r  t h i s  problem t o  use  c y l i n d r i c a l  po la r  o r  Cartesian coor- 

d i n a t e s  than s p h e r i c a l  po la r  coordinates .  Thus, l e t t i n g  the  normal 

d i r e c t i o n  d e f i n e  t h e  z-axis of t h e  coordinate  system, w e  may ob ta in  a 

d i s t r i b u t i o n  i n  z-components of v e l o c i t y  v by i n t e g r a t i n g  over the  v 
and B (or  vx and v ) coordinates ,  where Y 

Y P 
x-y plane,  i.e., t h e  "perpendicular" component of v e l o c i t y  def ined by 

It is  more 

. ,  

+ p  Z 
i s  t h e  p ro jec t ion  of v on t h e  

2 -f 
and B is t h e  azimuthal angle  of the  p lane  conta in ing  v. v 2= v + v 

P X Y '  
Thus, t h e  volume element i n  (2-2) becomes 
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3 - +  d v = v dv dS dvz 
P P  

and, assuming a streaming Maxwellian v e l o c i t y  d i s t r i b u t i o n  a t  i n f i n i t y  

as defined by (2-3), t he  c u r r e n t  d e n s i t y  i n t e g r a l  of (3-12) m y  be 

expressed as(assuming 4 < 0): 

where 

X E m v 2 /2kT, Z 5 m vz  2 /2kT, 
P 0 0  

j 2 n (kT/21~m) 'I2 (6-3) 

u2 = E + I8 - 2E1l2 M  COS^^ Sec I11 (3-8) 

E = X + Z + @  (6-5) 

and M and 4 are defined i n  (3-9). 

as i n  (4-2). 
range of Z ,  such as t o  correspond t o  vanishing t o t a l  energy a t  i n f i n i t y .  

From t h e  form of (6-2), w e  see t h a t  t h e  d i s t r i b u t i o n  i n  k i n e t i c  ene rg ie s  

Z assoc ia ted  with t h e  z-components of v e l o c i t y  a t  t h e  apercure g r i d  is 

defined by 

The func t ion  6 i s  aHeavf.sidefunction, 

The lower l i m i t  on the  X-integrat ion i n  (6-2) is, i n  each 
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2 A  m 

[L) =J EJ dX 6e-U 2 

dZ j0 

0 Max(0, -4 -Z) 

The d i s t r i b u t i o n  funct ion (6-6),which w i l l  be simply r e fe r r ed  

t o  here  as "dj /dZ", i s  discussed i n  Ref 2 f o r  t h e  c e n t r a l  po in t  ( i . e . ,  t h e  

B-integration gives  uni ty) .  

f o r  a l l  X (no " in te rsec t ions"  i n  t h e  sense of Ref. 2 ) ,  then 

For t h e  Mach zero case, i f  w e  assume 6 = 1 

-z -4 = e  for  

Equation (6-8) suggests a Druyvesteyn r e l a t i o n ( 2 ) .  I f  t h e  c o l l e c t o r  is a t  

a r epu l s ive  p o t e n t i a l  A wi th  r e spec t  t o  t h e  aper ture ,  t h e  co l l ec t ed  cu r ren t  

dens i ty  a t  a poin t  i s  t h e  i n t e g r a l  of (6-6) from Z = A t o  Z = 00. Thus, i f  

6 = 1, (6-7) and (6-8) y i e l d  t h e  "retarded" c o l l e c t o r  cu r ren t  (A > 0): - 
m 
r 

= 1 -  ( A + + )  i f  A + $ < O  (6-9) 

i f  -A + $ , >  0 
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Noting t h a t  A + 4 is  t h e  p o t e n t i a l  of t h e  c o l l e c t o r  wi th  r e spec t  t o  the  

plasma, we  see t h a t  t h e  c o l l e c t o r  behaves l i k e  an ordinary r e p e l l i n g  

probe (a Druyvesteyn r e l a t i o n  holds) when i t  is  repu l s ive  wi th  respect t o  

t h e  plasma, d e s p i t e  t h e  f a c t  t h a t  t h e r e  is  an a t t r a c t i n g  g r i d  before  i t ,  

On t h e  o the r  hand, t h e  c o l l e c t o r  behaves l i k e  a small attractive spheri-  

cal probe when i t  is  attractive wi th  r e spec t  t o  t h e  plasma. 

cu r ren t  rises l i n e a r l y ,  according t o  (6-9). 

That is, t h e  

Equations (6-7) and (6-8) may be considered as "ideal" r e l a t i o n -  

ships.  According t o  t h e  r e s u l t s  presented i n  Ref. 2, (6-8) remains 

v a l i d  f o r  t h e  a c t u a l  c i r c u l a r  p lanar  probe, bu t  (6-7) i s  modified by t h e  

e f f e c t s  of i n t e r s e c t i o n s .  I n  t h e  la t ter  case, where Z < -4 ,  dj/dZ is  

given by exp(-+Z-X1(Z)), which i s  less than un i ty ,  instead of (6-7). 

The func t ion  X,(Z) is  g r e a t e r  than -4-Z and is the  equat ion  of t h e  

boundary curve i n  v e l o c i t y  (X-Z) space sepa ra t ing  t h e  domains of allowed 

and excluded t r a j e c t o r i e s .  

No a n a l y t i c a l  theory has  been developed f o r  off-center po in t s ,  

and (6-6) must be evaluated by t r a j e c t o r y  summation. We rep lace  (6-6) by 

d 
dZ 
- [k] =I -1 

_. db \ 
2 

-1 

2dx 
2 

(1  - x> 

2 
ti e-u (6-11) 
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where 
P * .  

\ =, (1 + X k ) / < l  - Xk) + Max(0, - Q - Z) (6-13) 
,~ . +  . '  

9 "  

B, = nibm + 'i) 1 "  (6-14) 

, t  
and x and b are Gaussian quadrature  absc i s sae  i n  t h e  rang9 (-1,l). Also, 

u is  def ined by (3-8) and (6-5). I f  t h e r e  is  no p re fe r r ed  azimuthal 

plane,  w e  may r ep lace  IT by n/2 i n  (6-14) e ' The Z-derivative of the  t o t a l  

cu r ren t  (dI/dZ) may b e  computed by a sum, over t h e  area, i d e n t i c a l  t o  (4-8). 

k m 2 
km 

Table 11 gives  some computed r e s u l t s  f o r  dj/dZ as a funct ion  of 
I 1  

rad ius ,  and dI/dZ, versus  Z ,  f o r  t h e  Mach zero Poisson f i e l d  (Table 4). 

The column denoted by 'IS" gives  t r a j e c t o r y  s tep-s izes  i n  cm, and shows t h e  

s e n s i t i v i t y  of dj /dZ t o  t r a j e c t o r y  akcuracy. 

djl/dZ, d j  /dZ, and dj3/dZ g ive  the,v(;lues of dj /dZ at 3 r a d i i  rl, r2, 
and r Note 

t h a t  dj/dZ f a l l s  o f f  wi th  r ad ius ,  

of t h e  c r i t i ca l  va lue  45.54, where Ip + Z vanishes.  

f o r  the  v a l i d i t y  of the  Druyvesteyn r e l a t i o n  is t h e  v a l i d i t y  of (6-8). 

This implies  t h a t  dj/dZ ( i n  mul t ip l e s  of j ) must be  equal  t o  un i ty  a t  

Z = 45.54, f o r  a l l  r wi th in  t h e  c o l l e c t i n g  rad ius .  

.. 

The columns denoted by 
' ,  

2 
r e spec t ive ly ,  which may b e  compared wi th  dj /dZ a t  r = 0. 3' 

The range of Z i s  i n  the  neighborhood 

A necessary condi t ion  

0 
Table 11 shows t h a t  

a t  t h e  l a r g e s t  r ad ius ,  r = 1.48 cm, t h i s  i s  probably n o t  so. 

s t e p  s i z e s  smaller than  0,0125 c m  were n o t  used);  Morever, Table 11 

implies  t h a t  (6-8) i s  v a l i d  f o r  Z i n  t h e  v i c i n i t y  of 45.54, w i th in  a small 

c o l l e c t i n g  r ad ius ,  However, f o r  l a r g e  va lues  of Z ,  (6-8) probably holds  

wi th in  a l a r g e r  c o l l e c t i n g  r ad ius ,  depending on t h e  va lue  of Z. 

computations are requi red  t o  bear t h i s  out. 

show the  s e n s i t i v i t y  of dj/dZ t o  t r a j e c t o r y  accuracy ( s t ep  s i z e ) ,  i n  
accord wi th  t h e  exponent ia l  dependence on X (Z) i n  ve loc i ty  space. 

(Trajectory 

More 

The e n t r i e s  a t  Z = 40, r = 0, 

1 

Calcula t ions  of dj/dZ versus  r a d i u s  are unfor tuna te ly  no t  

a v a i l a b l e  f o r  t h e  Laplace f i e l d ,  f o r  comparison,, Calcu la t ions  a t  t h e  
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central point ('1, 
than Chose in the F 

lese sensit ivity t o  trajectory accuracy 



The ca l cu la t ions  descr ibed i n  t h e  preceding s e c t i o n s  are based 

on an in f in i t e -p l ane  model f o r  t h e  sa te l l i t e .  I n  order  t o  determine t h e  

e f f e c t  of f i n i t e  sa te l l i te  s i z e ,  t h e  sa te l l i t e  w a s  assumed t o  have t h e  

form of a t runcated cy l inde r ,  a t  t he  plasma p o t e n t i a l ,  wi th  the  probe d i s c  

embedded i n  one of t h e  c i r c u l a r  end-caps. (See Appendix A.) 

The d i f f e rence  equations f o r  t h e  i s o l a t e d  satel l i te  are d is -  

cussed i n  Appendix A, Figure A-2 i l l u s t r a t e s  t h e  type of g r i d  used. The 

Laplace f i e l d  w q s  computed wi th  a dipole-law condi t ion  a t  the  g r i d  boundary, 

( I f  t h e  sa te l l i t e  has  a n e t  charge, t h e  appropr ia te  condi t ion  would inc lude  

a monopole t e r m .  ) 

The c e n t r a l  cu r ren t  dens i ty  w a s  computed f o r  a number of cases 

Since involving a streaming Maxwellian wi th  a r b i t r a r y  streaming angle .  

t h e  c a l c u l a t i o n  of t he  cu r ren t  co l l ec t ed  by a f i n i t e  area involves  a two- 

dimensional area i n t e g r a t i o n  when t h e  Mach vec to r  is a t  an angle  w i t h  
r e spec t  t o  t h e  probe normal, a cons iderable  computational saving i n  t i m e  

r e s u l t s  from evalua t ing  only the  c e n t r a l  cu r ren t  dens i ty .  Based on t h e  

i n f i n i t e - s a t e l l i t e  r e s u l t s ,  t h e  c e n t r a l  cu r ren t  dens i ty  r ep resen t s  t h e  

co l l ec t ed  cu r ren t  t o  a good approximation, e s p e c i a l l y  i n  a Laplace f i e l d .  

Table 12 presencs s e v e r a l  current-vol tage c h a r a c t e r i s t i c s  f o r  

t he  c e n t r a l  cu r ren t  dens i ty ,  w i th  var ious  va lues  of M,(Mach number) and 

y (Mach angle) .  

M = 1, y = O", For an in f in i t e -p l ane  ('one-dimensional) probe, these  curves 

would be  i d e n t i c a l ,  b u t  t he  s lope  of t he  current-vol tage c h a r a c t e r i s t i c  

a t  (1.414, 45") is ,  due t o  3-dimensional e f f e c t s ,  almost t w i c e  as g rea t  as 

t h a t  a t  (1, 0"). For numerical consis tency,  t h e  va lues  of t h e  cu r ren t  a t  

It is  i n t e r e s t i n g  t o  compare M = 1.414, y = 45" wi th  

(p = 0 f o r  t hese  two cases, namely 3.54 and 3.62, r e spec t ive ly ,  should be  

both equal  t o  3.64, Thus, t he  e r r o r  i n  t h e  cu r ren t  i s  of t h e  order  of a 

few percent .  S imi la r ly ,  t h e  cases (1, 9 0 " )  and M = 0 should g ive  equal  cu r ren t s  

(p = 0, namely, 1 ,0 ,  The a c t u a l v a l u e s ,  namely 0.980 and 0.999, again 
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i n d i c a t e  e r r o r s  of t h e  order  of a few percent.  It is  a l s o  i n t e r e s t i n g  

t h a t  i nc reas ing  t h e  Mach number from M = 1 t o  M = 1.414, a t  y = 45', pro- 

duces r e l a t i v e l y  small changes i n  the  cu r ren t .  

The method used f o r  computing t h e  c e n t r a l  c u r r e n t  d e n s i t i e s  i n  

Table 12  is r a d i c a l l y  d i f f e r e n t  from t h a t  used i n  t h e  i n f i n i t e - s a t e l l i t e  

case i n  t h a t  an a t t e m p t  is made t o  determine wi th  high accuracy the  

boundary i n  v e l o c i t y  space,  

o r  Equation (4-3)), t h e  c r i t i c a l  po lar  angle  is  found by a systematic! 

search whereby the  i n t e r v a l  conta in ing  t h e  c r i t i ca l  angle  is success ive ly  

reduced. Once t h e  c r i t i c a l  angle  is  found, t h e  energy sum (e.g., i n  (4-3)) 

can be performed over the occupied range alone, thus avoiding the  numerical 

disadvantage of having t o  i n t e g r a t e  through a s tep-funct ion where t h e  

pos i t i on  of t h e  s i n g u l a r i t y  is n o t  known. It has been found t h a t  con- 

s i d e r a b l e  t r a j e c t o r y  accuracy is requi red  i f  one is t o  save computer t i m e  

and use as few t r a j e c t o r i e s  as poss ib le .  

Table 12, only 8 energ ies  were used. 

M = 0 column rep resen t  c a l c u l a t i o q s  wi th  improved t r a j e c t o r y  accuracy. 

For each energy i n  t h e  energy sum (Appendix B 

To o b t a i n  t h e  r e s u l t s  shown i n  

The f i g u r e s  i n  parentheses i n  t h e  

According t o  Table 12, t h e  c u r r e n t  dens i ty  a t  4 = -45.54, M = 1, 
y = 0 ° ,  i s  82.4, by i n t e r p o l a t i o n ,  i n  mul t ip les  of t h e  c u r r e n t  a t  zero  

p o t e n t i a l  and Mach zero. It is equiva len t  t o  22.6 i n  mul t ip les  of t h e  

cu r ren t  a t  zero  p o t e n t i a l  and Mach 1 ( f a c t o r  3.64). I n  Table 3 (Sec. IV), 
t he  cu r ren t  a t  Mach 1, i n  mul t ip les  of t h e  c u r r e n t  a t  zero p o t e n t i a l  and 

Mach 1, is 15.6. 

obtained by using d i f f e r e n t  methods and d i f f e r e n t  numbers of t r a j e c t o r i e s .  

These two numbers should be i d e n t i c a l ,  bu t  they are 

With r e spec t  t o  computing e f f i c i e n c y ,  i t  is not  y e t  clear whether 

t h e  sea rch  method is  supe r io r  t o  the "old" method of s t r a i g h t  summation 

(across the  s i n g u l a r i t y ) .  More research  is requi red  on t h i s  point .  
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V I I I .  PHOTOELECTRIC CONTRIBUTIONS 

The i s o l a t e d  s a t e l l i t e  program w a s  modified t o  a l l o w . t h e  calcu- 

l a t i o n  of con t r ibu t ions  t o  t h e  c e n t r a l  c u r r e n t  dens i ty  due t o  photoelectrons 

o r  secondary e l e c t r o n s ,  Whereas (3-12) w a s  used (Sec. VII) t o  c a l c u l a t e  

t he  c u r r e n t  dens i ty  due t o  a Maxwellian a t  i n f i n i t y ,  (3-13) must i n s t ead  

be used f o r  e l e c t r o n  cu r ren t s  from the  satel l i te  su r face .  

For t he  monoenergetic e l e c t r o n s  from t h e  satell i te su r face ,  

(3-13) becomes 

(8-1) 
-t cosa s i n a  da dB 

j S  ( 1  - @ / E  .O ) 1- jso(rs) R 

S (hemisphere) 

where 4, i s  the  probe p o t e n t i a l  re la t ive t o  rhe emi t t i ng  ( s a t e l l i t e )  su r f ace  

p o t e n t i a l ,  E i s  the s ingu la r  k i n e t i c  energy of t h e  emitted e l e c t r o n s ,  and 
0 (zs )  is  t h e  normal component of the c u r r e n t  dens i ty  of emitted p a r t i -  

j s o  -t 
cles a t  the  po in t  r where the  t r a j e c t o r y  terminates ( o r i g i n a t e s ) .  Clear ly ,  

(8-1) inc ludes  only those  t r a j e c t o r i e s  which connect tihe probe wi th  o ther  

po r t ions  of t h e  satell i te su r face ,  

S 

Consider photoelectron con t r ibu t ions  alone. Secondary e l e c t r o n  

cu r ren t s  may be computed i n  very similar fash ion ,  L e t  y be the s o l a r  

angle  with r e spec t  t o  the probe normal ( s a t e l l i t e  a x i s ) .  Thus ys = bo 
denotes s o l a r  r a d i a t i o n  para l le l  t o  the  probe a x i s  and inc iden t  normkilly 

on the  probe; t h e  c i r c u l a r  ( top) end-cap of the sa te l l i t e  i n  which the 
probe i s  embedded a l s o  has  s o l a r  r a d i a t i o n  inc iden t  normally a t  a l l  po in t s ,  

whereas the rest of t he  satel l i te  r ece ives  no r a d i a t i o n .  For y = 90°, 

only (one-half of)  t h e  s i d e  s u r f a c e  of t h e  sa te l l i t e  is i l lumina ted .  For 

S 

I 

S 

= 180°, only the bottom end-cap (away from t h e  probe) i s  i l lumina ted .  
YS -t 
We assume tha t  j ( r  ) is p ropor t iona l  t o  the  cos ine  of the angle  between so s 
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t h e  d i r e c t i o n  of incidence of s o l a r  r a d i a t i o n  and t h e  d i r e c t i o n  of t h e  

su r face  normal a t  r . 3 

S 

I n  t h e  a x i a l l y  symmetric Laplace f i e l d ,  every t r a j e c t o r y  pass ing  

through t h e  c e n t r a l  po in t  of t h e  probe lies i n  a v e r t i c a l  p lane  conta in ing  

the  probe (and satellite) axis. That is ,  t h e  azimuthal  angle  f3 f o r  t he  

v e l o c i t y  vec to r  of a t r a j e c t o r y  a t  t h e  central p o i n t  a l s o  de f ines  t h e  

azimuthal p o s i t i o n  of t h e  po in t  r on t h e  satell i te where t h e  t r a j e c t o r y  

terminates.  We l e t  t h e  s o l a r  d i r e c t i o n  de f ine  azimuth zero. Then, f o r  

given va lues  of a and $ i n  (8-1), w e  fol low t h e  t r a j e c t o r y  u n t i l  i t  reaches 

-+ 

S 

3 3 
t h e  poin t  r on the s a t e l l i t e  surface. The formula f o r  j so ( r s )  depends on 

. s  
whether is  on t h e  top (probe), s i d e ,  o r  bottom satell i te su r faces ,  and 

may be expressed as: 
S 

= Max(0, -cosys) (bottom) (8-3) 

= s i n y  cos$ (s ide)  (81-4) 
S 

where j 

incidence (which may a l s o  be a func t ion  of r s ) .  

(8-3), imply t h a t  non-zero con t r ibu t ions  occur only i f  ys < 90' (top 

i l lumina ted)  o r  i f  y > 90' (bottom i l l umina ted ) ,  r e spec t ive ly .  

i s  defined as t h e  emitted photocurrent  d e n s i t y  f o r  normal s o l a r  
+ 0 

The right-hand s i d e s  of (8-2) and 

S 

Thus, assuming ac de f ines  t h e  c r i t i ca l  polar  angle  such t h a t  a l l  

r e t u r n  t o  t h e  satel l i te ,  w e  express (8-l), i n  view t r a j e c t o r i e s  wi th  a > a 

oh (8-2) - (8-4) ,as: 
C 

1 r 

J 2  s i n  a 
C 
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0' 
where $ E @ / E  

= -cosy 
S 

(bo t t om) (8-7) 

= ( s inys ) / r  ( s ide )  (8-8) 

i f  6 = 0 i f  t he  t r a j e c t o r y  terminates on the  probe sur face .  I n  Gaussian 

summation form, (8-5)  becomes 

where 

2 1 1 2 
( s i p  = - ( 1  + an) + 7 ( 1  - a ) s i n  a 2 n C 

(8-10) 

and H and a are corresponding Gaussian c o e f f i c i e n t s  and abscissae.  n n 

In  the  running of t r a j e c t o r i e s  i n  the  Laplace f i e l d ,  t h e  f i e l d  

defined by (4-1) is  sca led  s o  t h a t  $ appears on the  probe su r face  ( t h a t  

is, E i s  t h e  s c a l e  of energy),  Ve loc i t i e s  are defined i n  mul t ip les  Of 

(2E-/m) , so t h a t  the i n i t i a l  dimensionless v e l o c i t y  magnitude i s  O 1 / 2  
U 

( 1  - $)'I2, and the  i n i t i a l  po lar  angle  a for t h e  n-th t r a j e c t o r y  is  obtained n 
from (8-10). Some computed r e s u l t s  are given i n  Table 13, f o r  a f ixed  probe 

vol tage of 15 v o l t s  (negat ive p o t e n t i a l  energy f o r  e l ec t rons ) ,  and e l ec t ron  

energies  of 0,1, 1 ,0 ,  and 5 v o l t s .  Thus, t h e  sca led  dimensionless 

p o t e n t i a l  energy on the  probe w a s  $ = -150, -15, and -3, respec t ive ly .  
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I n  t h e  upper half of Table 13, ca l cu la t ed  c u r r e n t  d e n s i t i e s  are 

given, 
with inc reas ing  s o l a r  angle. 

s ince  a l l  t r a j e c t o r i e s  terminate on t h e  non-illuminated upper (probe) 

su r face ,  and none on t h e  i l lumina ted  s i d e  sur face .  

f o r  s o l a r  angles  O o ,  35O, 4 5 O ,  and 90'. The cu r ren t s  f a l l  o f f  

A t  y, = 90°,  t h e r e  are no con t r ibu t ions ,  

The terminal p o i n t s  of a group of t r a j e c t o r i e s  which can con t r i -  

The c r i t i -  bute are shown i n  t h e  lower ha l f  of Table 13, f o r  each energy. 

cal angle  ac increases with e l e c t r o n  energy. The q u a n t i t i e s  x r ep resen t  

t h e  x-component of r . The negat ive  va lue  of x f o r  the f i r s t  e n t r y  under 

E = 0.1 v o l t  occurs because t h e  e l e c t r o n  has reversed t h e  d i r e c t i o n  of 

i ts  hor i zon ta l  component of v e l o c i t y  and passed ac ross  t h e  axis before  

r e tu rn ing  t o  the satellite. 

S -+ 

S S 

0 
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APPENDIX A. DIFFERENCE EQUATIONS 

A.1. The I n f i n i t e - S a t e l l i t e  Equations . 

When the  Poisson p a r t i a l  d i f f e r e n t i a l  equat ion i n  c y l i n d r i c a l  

po lar  form is replaced by d i f f e rence  equat ions i n  an a x i a l l y  symmetric 

problem, a g r id  i n  r-z space is def ined ( r  is t h e  c y l i n d r i c a l  r a d i a l  

coordinate ,  and z is the  axial  coord ina te) .  The va lues  of t h e  p o t e n t i a l  

(9) a t  the g r id  po in t s ,  o r  nodes, are given by the  s o l u t i o n  of N simul- 

taneous equat ions i n  N unknowns, where N i s  t h e  number of nodes. I n  t h e  

case of a "f loat ing" boundary, some of t he  nodes are on t h e  boundary. 

g r id  i n  t h e  present  program is  bounded by c y l i n d r i c a l  su r f aces  (of 

cons tan t  r and cons tan t  z ) ,  where the  p o t e n t i a l s  are assumed t o  obey a 

d ipo le  l a w .  

(Appendix E) 

The 

An except ion is the case of a zero-potent ia l  boundary 

Figure A-1 i l l u s t r a t e s  one of t h e  g r i d s  employed f o r  the  i n f i n i t e -  

sa te l l i t e  problem,, 

the  r a d i a l  boundary, and z def in ing  the  a x i a l  boundary. There are 42 

unknown va lues  of p o t e n t i a l  above t h e  satel l i te .  Of these ,  12 are a t  

boundary po in t s  where t h e  p o t e n t i a l  f l o a t s ,  and 5 are i n t e r i o r  axial  

1, r2, and r3 a t  z = 0. The po in t s ,  The probe su r face  i s  def ined by r 
probe p o t e n t i a l  is  (p ., The sa te l l i t e  su r face ,  where 9 = 0, is  def ined 

by r4 - r a t  z = 0, The p o t e n t i a l  is  def ined t o  b e  /2 a t  t h e  probe 

r ad ius  r 

l i n e a r  l a w :  

There are 6 i n t e r v a l s  i n  r and i n  z ,  with r de f in ing  7 
7 

1 

P 

7 1 P 
On t h e  boundaries,  t h e  p o t e n t i a l s  are assumed t o  s a t i s f y  the  3" 

X = X = @  on z-boundary an az 

on r-b oundary 
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where n i s  t h e  outward-directed normal. Far t h e  d ipole ,  

(A-4 1 2 2  6 = - 3r/(r + z ) 

The Laplacian opera tor  may be d i f fe renced  d i r e c t l y .  However, 

symmetric equat ions are guaranteed i f  one d i f f e rences  in s t ead  the  equi- 

v a l e n t  divergence theorem (Varga, "Matrix I te ra t ive  Analysis"),  namely, 

T c 

where p i s  the  charge dens i ty ,  d.r is an element of volume, dC i s  an 

element of area of t he  su r face  C surrounding t h e  volume T, and a + / h  i s  

the  normal component of grad + at dC, 
small volume surrounding each g r i d  po in t  i n  Fig. A-1. 

a torus  of rec tangular  cross-section. 

exemplified by t h e  po in t s  numbered 15, 18, 21, 36, 39, and 42, t h e i r  

assoc ia ted  volumes being marked by shaded boxes. 

Equation (A-5) is appl ied t o  a 

Each small volume is 

There are 6 types of equat ion,  

Each poin t ,  a x i a l  po in ts  excepted, is  assoc ia ted  with a volume 

which has  4 sur faces ,  e ,g . ,  t h e  north,  south,  east, and w e s t  sur faces .  

Axial poin ts  do no t  have "western" sur f  aces ,  The d i f f e rence  equiva len t  

of (A-5) i s ,  f o r  completely i n t e r i o r  po in t s  (ne i the r  on the  a x i s  nor on 

t h e  boundary, such as No. 18): 

- 3 7  - 
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where (a@/an), i s  approximated by. ($N - 4)  / Iz, - z I ,  where 4 is the  

c e n t r a l  p o t e n t i a l  (at t h e  poin t  on which the  diffeFence equat ion is 
centered) ,  (I 

i t s  z-coordinate; and s i m i l a r l y  f o r  S ,  E ,  and W, 

AN, AS, AE, and % are the  areas of t he  4 sur faces ,  def ined by tak ing  

s e c t i o n s  half-way between gr id  po in t s ,  

subsc r ip t  W i s  absent .  

subsc r ip t  N i s  replaced by %a$, where 

the  c e n t r a l  po in t .  

E i s  replaced by AkB', where A i  is  the  e a s t e r n  su r face  area containing 

t h e  c e n t r a l  point .  

sur face ,  t he  t e r m  with s u b s c r i p t  S w i l l  conta in  t h e  known p o t e n t i a l .  

i s  t h e  p o t e n t i a l  of t h e  neighbor t o  t h e  north,  and zN is N 
I n  (A-6), Fhe q u a n t i t i e s  

For axial  po in t s ,  t h e  t e r m  wi th  

For p o i n t s  on the  z-boundary, t h e  t e r m  wi th  

is  t h e  nor tbern  area containing 

For po in t s  on t h e  r-boundary, t h e  t e r m  with subsc r ip t  

F ina l ly ,  f o r  p o i n t s  j u s t  above tbe probe and satel l i te  

To i l l u s t r a t e  how the equat ions are formed, w e  o b t a i n  from (A-6) 

the  following equat ions f o r  t h e  exemplary po in t s  i n  Fig. A-1. 

Po in t  18 ( i n t e r i o r )  

'N '25 'S '.11 'E '19 'W '17 

where 
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(A-9) 

(A-10) 
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(A-11) 

= ( z 5  - zs )  A p  18 

Point 15 (axial) 

$22 'S '8 'E $16 

- ( C  N + Cs + CE) $15 = - ~ 1 5 ~ 1 5  (A-16) 

where 
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(A-12) 

(A-13) 

(A-14) 

(A-15) 

(A-17) 

(A-18) 

(A-19) 

(A-20) 

(A-21) 

(A-22) 



Poin t  2 1  (r-boundary) 

‘N ‘28 + ‘ S  ‘14 + ‘W ‘20 

- (CN + c + cw - 6%) 421 = - P 2 1 T 2 1  (A-23) 
S 

where 

A i  = nr7 ( z 5  - z3) 
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(A-24) 

(A-25) 

(A-26) 

(A-27) 

(A-28) 

(A-29) 

(A-30) 

(A-31) 



where 

Cs = AS/ (e7  - z 6 )  (A-3 2) 

(A-33) 2 
AS = ,(n/4) r2 

CE = A /r (A-34) 
E 2  I 

Poin t  39 (2-boundary) 

‘S $32 ‘E ‘40 ‘W ‘38 

- (Cs + CE + Cw - CAS) 439 = - ~39T39  (A-37) 

where 

(A-39) 2 2 
AS = (n/4) [(r5 + r4> - (r4 + r3)  1 

(A-40) 

(A-41) 
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cw = Pfir/(r4 - r3) (A-42) 

% = IT (r4 + r 3 > ( z 7  - z 6 )  (A-43) 

T = (z7  - z6) AS/2 (A-44) 
39 

Poin t  42 (z-boundary, r-boundary) 

‘S ‘35 + ‘W ‘41 

where 

A; = rr7 (z7  - z6) (A-48) 

cw = kW/(r7 - r6 )  (A-49) 

(A-50) 

T = ( z 7  - z6> AS/2 (A-51) 
42 

It is  clear t h a t  t he  N x N mat r ix  of c o e f f i c i e n t s  w i l l  be 

symmetric, s i n c e  t h e  c o e f f i c i e n t s  of t h e  off-diagonal elements are simply 
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t he  areas of t h e  i n t e r f a c e s  d iv ided  by the  length  of t h e  segment j o i n i n g  

the ad jacent  g r i d  poin ts .  It is a l s o  clear t h a t  where c1 and B are both 

nega t ive ,  which i s  t h e  case f o r  a reasonable boundary shape, t he  mat r ix  

is  d iagonal ly  dominant. This i s  important f o r  i t e r a t i v e  s o l u t i o n  methods. 

For g r i d  po in t s  i n  t h e  row next t o  t h e  probe and satel l i te  

su r faces ,  such as p o i n t s  NOS. 1-7 i n  Ffg. A-1, t he  off-diagonal terms 

wi th  s u b s c r i p t  S w i l l  be absent from t h e  left-hand s i d e  of t h e  equation, 

bu t  w i l l  i n s t ead  b e  added t o  t h e  right-hand s i d e  as known q u a n t i t i e s .  

For t h e  Laplace problem, when p vanishes,  t hese  lat ter con t r ibu t ions  

c o n s t i t u t e  t h e  only source  of t h e  p o t e n t i a l .  

I n  the  dipole-boundary c a l c u l a t i o n s  repor ted  i n  t h e  main t e x t  

f o r  t h e  i n f i n i t e - s a t e l l i t e  case, the equations f o r  t h e  a x i a l  p o i n t s  w e r e  

based on a quadra t i c  r e l a t i o n  r a t h e r  than equations t y p i f i e d  by (A-16) - 
(A-22), f o r  po in t  No,. 1 5 .  Thus, d e n s i t i e s  w e r e  no t  requi red  f o r  t hese  

po in t s  (Sec, V), and the re fo re  t h e  Poisson p o t e n t i a l s  do n o t  conta in  a x i a l  

dens i ty  information. (The zero-potential-boundary c a l c u l a t i o n s  of 

Appendix E do u t i l i z e  the  a x i a l  po in t  equations of t h i s  Appendix,) 

e r r o r  r e s u l t i n g  from the  l ack  of a x i a l  dens i ty  information i s  no t  known; 

the quadra t i c  r e l a t i o n  has merit i n  t h a t  it tends t o  smooth out  p o t e n t i a l  

v a r i a t i o n s  due t o  computational "noise", and has been suggested by 

Co l l a t z  ("The Numerical Treatment of D i f f e r e n t i a l  Equations"). The 

equations used f a r  t h e  i n f i n i t e - s a t e l l i t e  problem included a d d i t i o n a l  

equations a t  t h e  boundary poin ts .  These involved t h e  t a n g e n t i a l  com- 

ponent of t h e  p o t e n t i a l  g rad ien t ,  The a d d i t i o n a l  equations the re fo re  

r e s u l t e d  i n  an overdetermined s y s t e q t o  which s o l u t i o n s  were obtained i n  

a leas t - squares  sense. It is f e l t ,  however, that the  equations of t h i s  

Appendiq which have been r e c e n t l y  developed, are p re fe rab le .  

The 
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A. 2 The I s o l a t e d - S a t e l l i t e  Equations 

Figure A-2 i l l u s t r a t e s  t h e  type of g r i d  used f o r  t h e  f i n i t e  

sa te l l i te  having the  form of a t runca ted  cy l inder .  

c y l i n d r i c a l  po la r  

i n t o  t h r e e  regions,  i a e D ,  North, E a s t ,  and South, i l l u s t r a t e d  by 24 po in t s  

i n  Fig. A-2. 

gu la r  g r i d s  s i m i l a r  t o  those i n  Fig. ?A-l, except t h a t  t h e  z-coordinates of 

t h e  g r id  l i n e s  are numbered i n  order  from top  to, bottom r a t h e r  than from 

bottom t o  top. 

sa te l l i te .  

as before  

The geometry i s  s t i l l  

b u t  t he  space of t h e  problem is  conveniently separated 

Each of t h e  th ree  reg ions  may then be descr ibed by rectan- 

The probe i s  embedded i n  the  North c i r c u l a r  end-cap of t h e  

The probe and satel l i te  p o t e n t i a l s  are 4 and zero,  r e spec t ive ly ,  
P 

The equat ions are der ived i n  a manner i d e n t i c a l  t o  those of t h e  

previous sec t ion .  

t o r o i d a l  boxes of rec tangular  cross-section. 

po in t  similar t o  No. 18 i n  Fig. A-1, andpoin ts  Nos. 1, 3,  5, 6 ,  and 1 4  

correspond s i m i l a r  t o  po in t s  Nos, 36, 39, 42, 15, and 2 1 , i n  Fig. A-1, 

r e spec t ive ly .  

A t  t h i s  su r f ace ,  t h e  r e l a t i o n  between a$/an and 4 is  a$/an = - a$, wi th  a 

given by (A-3). 

notes ,  however, t h a t  whereas terms with subsc r ip t s  S appear i n  t h e  

equat ions f o r  po in t s  along t h e  nor thern  z-boundary, corresponding 

terms a t  t h e  southern z-boundary have s u b s c r i p t s  N. 

The shaded boxes i n  Fig. A-2 r ep resen t ,  as before ,  

Poin t  No, 9 is  an i n t e r i o r  

There is an a d d i t i o n a l  z-boundary, on t h e  southern s i d e .  

The equat ions are obtained from (A-6), as before;  one 

- 44 - 



Considering t h e  charge d e n s i t i e s  as known a long  wi th  the  s a t e l l i t e  

and probe p o t e n t i a l s  (as  i n  one cyc le  of se l f -co iwis ten t  i t e r a t i o n )  , t h e  

equations given above may be expressed i n  t h e  matrix-vector form: 

(A-52) 

-f 
Here, A denotes t h e  mat r ix  of c o e f f i c i e n t s ,  r+ denotes t h e  N-dimensional 

solution-vector,  and k denotes t h e  known vec to r .  This system can be solved 

e i t h e r  by d i r e c t  o r  by i t e r a t i v e  methods. 

e f f i c i e n t ,  d e s p i t e  l a r g e  va lues  of N, s i n c e  A can be p a r t i t i o n e d  i n  block- 

t r i d i a g o n a l  form and s o l u t i o n s  obtained by methods based on t r i d i a g o n a l  

matrices (by f a c t o r i z a t i o n ,  as discussed by Varga i n  "Matrix I t e r a t i v e  

Analysis"). 

no t  depend on t h e  p rope r t i e s  of t h e  matrix.  

-h 

The d i r e c t  method may be q u i t e  

This method involves r a t h e r  complicated programing bu t  does 

On the  o ther  hand, s i n c e  t h e  matr ix  A i s  symmetric and diagonal ly  

dominant, over-relaxat ion methods can be  used (see Varga) which are 

extremely simple t o  program, Br i e f ly ,  t h e  over-relaxation a lgor i thm may 

be expressed by the  equations: 

i-1 N 
n+l n+l + n - a..J, = E aij4j C aijr+j 

j=i+l 11 i j= l  

n+l n+l 
'i = w Jli + (1  -w ) $in 

(A-53) 

(A-54) 

In  these  equations,  a denotes t h e  ( i ,  j ) - t h  element of A, t he  supe r sc ip t s  

n and n+l  denote the  n-th and (n+l)-th iterates, r e spec t ive ly ,  and w is 

the r e l a x a t i o n  parameter which is assigned a value between 1 and 2. 

i j  
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For a 636-point problem involv ing  t h e  Laplace field,where t h e  
-+ 

i n i t i a l  guess w a s  4 = 0, t h e  number of i t e r a t i o n s  requi red  t o  ob ta in  con- 

vergence wi th in  1 p a r t  i n  lo5  w a s  g r e a t e r  than 2000 f o r  w = 1.0,  1733 f o r  

w = 1.2 ,  144 f o r  w = 1.9, and i n f i n i t y  f o r  w = 2.0. This shows t h e  v i t a l  

r o l e  played by w, A t  w = 1 ,9 ,  which is  apparent ly  t h e  optimum value,  only 

about 20 seconds w e r e  required on t h e  CDC-6400 computer. This i s  c l e a r l y  

competit ive wi th  30 seconds f o r  t he  d i r e c t  so lu t ion ,  which t equ i r ed  a 

g rea t  d e a l  longer t o  program and de-bug. 
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APPENDIX B. TRAJECTORY QUAJIRATURE SUMS 

The t r i p l e  i n t e g r a l s  f o r  t h e  d e n s i t y  and t h e  c u r r e n t  dens i ty  

components, defined by (2-1) and (2-2), may be  expressed i n  t h e  polar  

form 

= 1, 2 [y3j2 JJJf(E,a,B)(E-$)1/2 dE s i n a  da dB 

and 

J J J  

L 

= 5 2 J j f ( E , c r , B )  (E-4) d E  s i n a  cosa da dB 
m 

with 

2 mv E = - + 4  2E 
0 

where E 
energy of t h e  p a r t i c l e  a t  i t s  source,  4 denotes  the  l o c a l  dimensionless 

p o t e n t i a l  energy of t h e  p a r t i c l e  ( r e l a t i v e  t o  t h e  source) ,  and a and B 
denote  t h e  angular coord ina tes  of the  l o c a l  v e l o c i t y  vec to r ,  namely, t h e  

polar  angle  wi th  r e spec t  t o  an a x i s  and t h e  azimuthal angle wi th  r e spec t  

t o  a p lane , respec t ive ly .  

be only over those values f o r  which t r a j e c t o r i e s  connect wi th  t h e  emitter, 

e.g., i n f i n i t y .  

is a c h a r a c t e r i s t i c  energy, E denotes t h e  dimensionless k i n e t i c  
0 

The angular i n t e g r a t i o n  ranges are defined to  

Defining t h e  po la r  a x i s  t o  be i n  the d i r e c t i o n  of t he  
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normal t o  a c o l l e c t i n g  sur face ,  a s ’ i n  Fig. 2, t h e  component of cu r ren t  

dens i ty  normal t o  t h e  sur face  is given by (B-2). 

depends on t h e  funct ion f(E,a ,$) .  

The order of i n t eg ra t ion  

I n  t h e  usua l  probe theory,  t h e  angular 

i n t eg ra t ions  are performed f i r s t ,  and t h e  energy las t .  I n  s p e c i a l  s i t u a - ,  

t i o n s ,  such as pho toe lec t r i c  emission, however, i t  may be necessary t o  

perform t h e  angular i n t eg ra t ions  last. (See 3-10) and (3-13) .) I n  t h e  

following, t h e  usual  order w i l l  be  assumed f o r  i l l u s t r a t i o n ,  without 

a f f e c t i n g  t h e  genera l  v a l i d i t y  of the  formulae 

I n  the c1 i n t eg ra t ion ,  t h e  range I s  IT i n  (B-1), and ~ / 2  i n  (B-2). 

I n  t h e  energy i n t e g r a t i o n ,  t h e  range is  usua l ly  i n f i n i t e .  I n  order t o  

d e a l  with t h i s ,  i t  i s  convenient t o  transform t h e  energy va r i ab le  thus:  

(B-4) min F = ( 1  + A)/(1  - A) + E 

where A runs from -1 t o  1 as  E runs from i t s  minimum value  E t o  i n f i n i t y .  min 

The dens i ty  and cu r ren t  dens i ty  can be  expressed i n  dimensionless 

form by d iv id ing  (B-1) by 

n 0 2  = 1 ( ~ ) 3 / Z l j j f ( E , c 1 , 8 ) E 1 ’ 2  dE sima da dB 03-51 

a, 

= 2 [2)3’2 4 ~ r  / f (E) E l i 2  dE 

0 

and (B-2) by 

- 48 - 



f(E,a,B) E dE s i n a  cosa da dB m 

2E02 

m 
= - 2 IT id; (E) E dE 

03-71 

where (B-6) and (B-8) imply i s o t r o p i c  d i s t r i b u t i o n s  (which are less compli- 

ca ted  but  no t  e s s e n t i a l ) .  Then we have 

and 

s ina cosa dol dB jo = j / j G ( E )  (E-4) dE IT 

where F and G have t h e  non-dimensional d e f i n i t i o n s :  

and 

G(E) = f (E)  i f (E)  E dE lm 
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I n  (B-9), a and l i e  i n  t h e  ranges ( 0 , ~ )  and (0,2n), respec- 

t i v e l y .  With (B-4) and t h e  t ransformations 

cosa = B (B-13) 

and 

B = T ( C + l )  (B-14) 

we  may express  (B-9) i n  t h e  form: 

(B-15) n 1 / 2  6 dA dB dC 
n (1-A) 0 

where 6 i s  t h e  u n i t  step-function. 

I n  ( B - l o ) ,  a and B l i e  i n  the  ranges (0,7r/2) and ( 0 , 2 ~ ) ,  

respectively,, With (B-4),(B-14), and t h e  t ransformation 

(B-16) 2 s i n  a = (1+B)/2 

w e  may express (B-10) i n  t h e  form: 

(B-17) 6 dA dB dC 

(1-A) 
j0 = J1J1/’ 2 G [E(A) ]  [E(A)-+] 

-1 -1 -1 

where 6 i s  t h e  u n i t  step-function, as usual .  
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Now w e  have t h e  i n t e g r a l s ,  (B-15) and (B-17), i n  t h e  form 

s u i t a b l e  f o r  Gaussian quadratures.  L e t  A H be t h e  j - t h  absc i s sa  and 

c o e f f i c i e n t  i n  a Gaussian quadrature of order  N. 
3' j 

There are N such p a i r s .  

A2, .... Then A1, 

i s  2. 

l i e  i n  t h e  i n t e r v a l  (-1, l ) ,  and t h e  sum of t h e  H 
j 

For f l e x i b i l i t y ,  w e  d i v i d e  t h e  A-range i n t o  M1 sub- in te rva ls ,  and 

apply a Gaussian quadrature  of order N1 t o  each of these.  

B-range i n t o  M 

N t o  each of these.  We d iv ide  t h e  C-range i n t o  M sub- in te rva ls  and 

apply a Gaussian quadrature  of order  N 

(B-15) o r  (B-17) may be  approximated by t h e  6-fold sum: 

We d i v i d e  the  

sub- in te rva ls  and apply a Gaussian quadrature  of order 2 

2 3 
t o  each of these.  Then e i t h e r  3 

I = 11111 T (A,B,C) 6 dA dB dC 

M1 N1 M2 N2 M3 N3 
1 1 1 1 1 1 H';) H(2) H(3) T(U,V,W) 6 (B-18) 

1 

M1 M2 M3 
N 

j i K = l  k = l  J=l j=1 I=l ill 

where 6 i s  t h e  u n i t  step-function, and U ,  V, and W are defined by 

U = (% - 1 - M1 + 2K)/% 

V = (Bj - 1 - M2 + 2J)/% 

W = (Ci - 1 - M3 + 21)/M3 
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and (Ci, H'?)), (Bj ,  H ( 2 ) ) ,  and (%, H';)) a r e ' a s s o c i a t e d  Gaussian absc issa-  

c o e f f i c i e n t  pa i r s .  
1 j 

I n  a l l  of t h e  c a l c u l a t i o n s  repor ted  here ,  I used M1 = 2, 

3 = M3 = 1. 

most a c c u r a t e  cu r ren t  dens i ty  c a l c u l a t i o n s ,  f o r  t h e  c e n t r a l  po in t ,  

I n  t h e  dens i ty  ca l cu la t ions ,  N1 = N 2  - - N i  = 8. I n  t h e  

N1 = N2 = 32. 

Based on t h e  experience of t h e  present  i nves t iga t ion ,  I 

recommend the  use  of low-order Gaussian quadratures ,  with l a r g e  numbers 

of i n t e r v a l s .  This should be  most e f f i c i e n t  f o r  the  i n t e g r a t i o n  of a 

s tep-funct ion integrand.  

are H1 = H2 = 1, and t h e  absc i s sae  are A1 

I n  t h e  case N = N2 = N3 = 2, t he  c o e f f i c i e n t s  
1 /2 

1 

= -A2 = -3- 
For t h e  cur ren t -der iva t ive  dj/dZ, which r e q u i r e s  a two- 

dimensional sum as shown i n  Sec V I ,  a two-fold analogue of (B-18) may 

be employed, 

Each t e r m  i n  t h e  mul t ip le  sum (B-18) corresponds t o  a s i n g l e  

t r a j ec fo ry ,  

The l o c a l  v e l o c i t y  components may be  obtained i n  Car tes ian  form from 

(B-4), (B-14),  and e i t h e r  (B-13) f o r  dens i ty  o r  (B-16) f o r  cu r ren t .  

Thus, t he  dimensionless Cartesian components are given, f o r  dens i ty  and 

cu r ren t ,  r e spec t ive ly ,  by: 

This t r a j e c t o r y  is def ined by t h e  l o c a l  p o s i t i o n  and ve loc i ty .  

v = [(1+ U ) / ( 1  - u> + Emin - 4 1  1 /2  03-25) 

where U, V, and W are def ined by (B-19) - (B-21). 
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APPENDIX C. EQUATIONS OF MOTION. TRAJECTORIES. 

I f  X, Y, 2, and V V and V denote dimensional s p a t i a l  and 2 Y’ z 
v e l o c i t y  Car tes ian  coord ina tes ,  r e spec t ive ly ,  and i f  T and (9 denote 

dimensional t i m e  and p o t e n t i a l  energy, r e spec t ive ly ,  then Newton’s 

equations of motions are: 

d2X 1 a@ 
m ax - = - - -  

dT2 

where m i s  the  par t ic le  mass. 

Now choose t h e  fol lowing u n i t s :  

Ro = u n i t  of l eng th  

T = u n i t  of time 

Eo = u n i t  of energy 

0 

= Ro/To = (2Eo/m) ‘I2 = u n i t  of v e l o c i t y  
vO 

and l e t  t h e  fol lowing v a r i a b l e s  r ep resen t  dimensionless q u a n t i t i e s :  

(dimensionless pos i t i on )  x, y, z = X/Ro, Y/Ro, Z/R 

t = T/T (dimensionless time) 

4 = @/E 

0 

0 

(dimensionless p o t e n t i a l  energy) 
0 

v v v = Vx/Vo, V /V V,/Vo (dimensionless v e l o c i t y )  
x’ y’ z Y 0’ 
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Then the  eqpat ions of motion have t h e  dimensionless 

2 

d t 2  

-=-&ai  d x  
2 ax 

2 - = - L a o  d z  
d t  2 2 az 

form: 

. (C-4) 

I n  t h e  Laplace problem, t h e  u n i t  of l eng th  i s  a r b i t r a r y ,  but  i n  

t h e  Poisson problem, i t  i s  most conveniently set equal  t o  the  Debye length  

(kT/41~n e2)1’2e The u n i t  of  energy i s  kT, and t h e  u n i t  of v e l o c i t y  i s  
0 

(2kT/m)1/2, i n  t he  c a l c u l a t i o n s  repor ted  here  f o r  the Maxwellian d i s t r i -  

bution. For each t r a j e c t o r y ,  t h e  i n i t i a l  v e l o c i t y  comporients are usua l ly  

spec i f i ed  by t h e  quadrature  ind ices ,  as i n  Appendix B. 

The equat ions of motion (C-4) - (C-6) are in t eg ra t ed  over 

success ive  t i m e  i n t e r v a l s  of length  A t  t o  ob ta in  new values  f o r  t he  

coord ina tes  x, y ,  z ,  and t h e  v e l o c i t i e s  x, y ,  and z .  During each t i m e  
e .  . 

i n t e r v a l ,  t h e  acce le ra t ions ,  i o e e ,  t h e  p o t e n t i a l  g rad ien t  components, are 

assumed constant ,  Thus, t h e  changes i n  x, y ,  z ,  and x, y,  and z are 
. .  

given r a t h e r  crudely by t runcated Taylor series, namely: 

2 0 .  

Ay = i o A t  + yo(At) /2 
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2 .. 
Az = i o A t  + zo(At) / 2  

.. 
Ax = xoAt 

‘* 
Ay = yoAt 

8 **  
Az = zoAt 

(C-11) 

(C-12) 

where t h e  zero-subscripts denote t h e  va lues  of t h e  q u a n t i t i e s  a t  t h e  

beginning of t h e  t i m e  interval.  

t i c a t e d  i n t e g r a t i o n  scheme i s  based on t h e  f a c t  t h a t  t h e  p o t e n t i a l  d i s t r i -  

bution is given i n  t h e  form of a g r id  and t h e  g rad ien t s  are the re fo re  

discontinuous ac ross  t h e  g r i d  lines. 
these  d i s c o n t i n u i t i e s  and i t s  computational expense appears t o  be un jus t i -  

f i e d  . 

The use  of a crude r a t h e r  than a sophis- 

A high-order scheme i s  defea ted  by 

The requi red  gradien t  components i n  (C-4) - (C-6) are obtained 

by double l i n e a r  i n t e r p o l a t i o n  wi th in  t h e  boxes of t h e  two-dimensional 

a r r ay  i n  r and z ,  as follows. 

po in t  (zi, r j ) .  
z < z < z  a n d r  < r < r  

‘j+l j 
values of 2 4 / 8 2  and aqt/ar are given by: 

L e t  $ ( i ,  j )  denote t h e  value of Q, a t  t h e  

Assume t h a t  z and r are loca ted  i n  t h e  ranges 

r e spec t ive ly ,  and l e t  z - z and i -  i+l j -  j+l’ i+l i 
- r be denoted by DZ and Dr ,  r e spec t ive ly .  Then the in t e rpo la t ed  

where 

Q = $ ( i + l ,  j+l) - +(i, j + l )  - 4 ( i + l ,  j )  + Q,(i, j )  (C-15) 
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The Car tes ian  gradien t  components &$/ax and a4/ay are then given by: 

a4/ax = (x / r )  a$/ar  (C-16) 

The above i n t e r p o l a t i o n  scheme i s  e a s i l y  modified t o  a l low f o r  

a g r i d  i n  which inc reas ing  va lues  of i are as soc ia t ed  with decreasing 

va lues  of z ,  such as w a s  employed i n  the  i s o l a t e d  satel l i te  program. 

The t r a j e c t o r y  accuracy is r e l a t e d  t o  t h e  length of t h e  s t e p ,  

The type of s t e p  s i n c e  t h e  grad ien t  i s  not  cons tan t  dur ing  a s t e p o  

c o n t r o l  which w a s  used during these  i n v e s t i g a t i o n s  maintained an approxi- 

mate e q u a l i t y  of arc length  per s t e p  throughout t he  t r a j e c t o r y .  I f  As i s  

t h e  des i r ed  con t ro l l ed  va lue  of s t e p  l eng th ,  then s e t t i n g  A t  equal  t o  

As/(Go2 + io2 + io ) 'I2 accomplishes t h i s  con t ro l .  This assumes t h a t  

t h e  a c c l e r a t i o n  term i n  t h e  equat ions i s  always dominated by the  v e l o c i t y  

t e r m .  The maintenance of equal arc l eng th  p e r  s t e p  i s  wasteful ,  however, 

i n  t h e  ou te r  regions of t he  p o t e n t i a l  g r i d ,  where t h e  p o t e n t i a l  g rad ien t s  

are small. 

cont ro l .  

A b e t t e r  procedure would be t o  use  energy-conservation 

A convenient i n d i c a t o r  of t h e  accuracy of a t r a j e c t o r y  is  the  

degree t o  which energy is conserved, 

f o r c e  changes dur ing  A t 9  and equat ions ((2-7) - (C-12) r e s u l t  i n  an energy 

l o s s  o r  ga in  a t  t h e  end of the  s t ep ,  I f  c f lAEI /E  i s  the des i r ed  maxi- 

mum relative energy l o s s  o r  ga in  per  s t e p ,  a u s e f u l  and f a i r l y  conserva- 

t i v e  c o n t r o l  would be given by 

Numerical e r r o r s  occur because the  

(C-18) T2) A t  = Min (T1, 
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where 

T2 =: (cE1112/p (C-20) 

(C-22) 

This type  of c o n t r o l  has  the  advantage of a l lowing t h e  s t e p  s i z e  t o  be 

l a r g e  i n  reg ions  of weak fo rces ,  while " t igh ten ing  up" i n  reg ions  where 

t h e  f o r c e  i s  s t rong.  Thus, a l a r g e  number of s t e p  s i z e  tests ( see  

Appendix E, f o r  example) can be eliminated. 

I n  order  t o  determine t h e  " fa te"  of a t r a j e c t o r y ,  i t  i s  

followed u n t i l  i t  e i t h e r  r e t u r n s  t o  t h e  satel l i te  sur face ,  o r  passes 

through t h e  ou te r  g r id  boundary. If i t  reaches the  boundary, i t  i s  

considered t o  have escaped. However, on reaching t h e  r-boundary i n  t h e  

i n f i n i t e - s a t e l l i t e  case, t h e  v e l o c i t y  vec to r  must be ex t rapola ted  (zero 

f i e l d )  t o  see whether t h e  p a r t i c l e  escapes or not .  This amounts simply 

t o  examining t h e  sign of v 
2' 

- 5 7  - 

c 



APPENDIX D. ITERATION PROCEDURES 

According t o  Sec, V and Appendix A, t h e  set of Poisson d i f f e rence  

equat ions r ep resen t ing  t h e  Poisson p a r t i a l  d i f f e r e n t i a l  equat ion on a g r id  

may be expressed as a matrix-vector equat ion f o r  an N-component s o l u t i o n  

vector  9 as follows: 
3 

-t 
I n  (D-l) ,L is  t h e  Laplacian matrix opera tor ,  and F is t h e  corresponding net 

nega t ive  charge dens i ty  vec tor ,  each component of which depends i n  general  

on more than one component of $ o  

F when $ is given (Appendices B and C ) ,  w e  must use an i t e r a t i v e  technique 

t o  ob ta in  a se l f - cons i s t en t  so lu t ion ,  

3 
Given a computational a lgori thm f o r  f ind ing  

3 3 

The s implest  i t e r a t i o n ,  where n denotes the  i t e r a t i o n  index, is  
t h e  d i r e c t  one, namely, 

3 
where $I might, f o r  example, be t h e  Laplace so lu t ion ,  The d i r e c t  i t e r a t i o n  

def ined  by (D-2) may converge o r ' d ive rge ,  depending on t h e  p o s i t i o n  of t h e  

boundary. 

boundary of t h e  g r i d  i s  nea r  t h e  probe, t h e  d i r e c t  i t e r a t i o n  w i l l  converge, 

bu t  i f  t he  boundary i s  moved out beyond a c e r t a i n  po in t ,  t h e  i t e r a t i o n  w i l l  

diverge., I n  order  t o  

r ep resen t  a boundary condi t ion  a t  i n f i n i t y ,  t he  boundary must be reasonably 

f a r  from t h e  probe; a c t u a l l y ,  i t  must be  s u f f i c i e n t l y  f a r  t h a t  f u r t h e r  

increases  i n  d i s t ance  do n o t  a f f e c t  t h e  computed c u r r e n t  ( t h a t  is ,  the  

cu r ren t  becomes s t a t i o n a r y ) .  Unfortunately,  t h e  d i s t ance  beyond which t h e  

cu r ren t  is  s t a t i o n a r y  i s  g rea t e r  than t h e  c r i t i c a l  d i s t ance  f o r  t h e  i t e r a t i o n  

scheme (D-2) 

0 

I n  the present  i nves t iga t ion ,  i t  has been found t h a t  i f  the  

We de f ine  t h a t  po in t  as t h e  "cr i t ical  distance".  
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It has been found poss ib l e  t o  inc rease  t h e  cri t ical  d i s t a n c e  by 

us ing  a 'bore soph i s t i ca t ed  i t e r a t i o n .  

afforded by 

Thus, an important improvement is 

where 

The impl ica t ion  of (D-4) is  t h a t  t h e  next  charge dens i ty  vec tor  t o  

be used c o n s i s t s  of an average of (a)  t h e  charge dens i ty  vec tor  r e s u l t i n g  

from t h e  latest a v a i l a b l e  p o t e n t i a l  vec to r ,  and (b) t h e  charge dens i ty  vec tor  

which w a s  t he  source of t h a t  p o t e n t i a l  vec tor .  The i t e r a t i o n  of (D-3) and 

(D-4) is  equiva len t  t o  a hea t -d i f fus ion  problem wi th  t h e  i t e r a t i o n  index n 

p lay ing  t h e  r o l e  of time. The r e c i p r o c a l  of a p lays  t h e  r o l e  of a damping 

cons tan t .  This may be seen by re -wr i t ing  (D-3) and (D-4) i n  t h e  " re laxa t ion"  

form: 

Thus, t h e  smaller is  t h e  value of a, t h e  smaller i s  t h e  change from i t e r a t i o n  

t o  i t e r a t i o n ,  corresponding t o  l a r g e  damping. 

applied t o  t h e  charge dens i ty ,  according t o  (D-4). 
i t  may be appl ied  i n s t e a d  t o  t h e  p o t e n t i a l .  

The mixing o r  coupling i s  

Al t e rna t ive ly ,  of course ,  

I n  the  Poisson c a l c u l a t i o n s  r epor t ed  i n  Sec. V,  t he  scheme of (D-4) 
employing a = 1 /2  worked w e l l  when the  z-boundary w a s  w i th in  1.5 probe r a d i i ,  

converging wi th in  about 6 i t e r a t i o n s .  

3 probe r a d i i ,  i t  w a s  necessary t o  reduce a. 

i.e., decreasing wi th  inc reas ing  i t e r a t i o n  number. A t  3 probe r a d i i ,  con- 

vergence w a s  achieved wi th in  about 12  i t e r a t i o n s .  

a, perhaps 1/10, would probably a l s o  have assured convergence. 

However, when the  z-boundary w a s  a t  

Actua l ly ,  a w a s  defined as l / n ,  

A small cons tan t  value of 
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APPENDIX E, ZERO-POTENTIAL BOUNDARY 

A cgarse g r i d  with 6 unknown values  of p o t e n t i a l  w a s  used f o r  

the  Poisson zero-potent ia l  boundary ca l cu la t ion ,  i n  order  t o  prove t h a t  

t h e  boundary condi t ion is i r r e l e v a n t  ( f o r  c u r r e n t )  when t h e  boundary i s  

s u f f i c i e n t l y  f a r  out ,  

Poisson ca l cu la t ions ,  and because t h e  gr id  is  small, i t  w i l l  be  ins t ruc-  

t i v e  and convenient t o  present  t h e  ca l cu la t ion  i n  d e t a i l  here .  

Since t h i s  ca l cu la t ion  exemplifies a l l  of t h e  

With probe rad ius  3,33 cm, i d e n t i c a l  sets of values  were 

chosen f o r  t h e . r a d i a 1  and axial  g r i d  coordinates  ( i n f i n i t e  sa te l l i t e ,  

Appendix A), namely: 

z = o  1 r1 = 0 

r = 3,33 z2 = 3,33 
2 

3 z = 6,66 3 r = 6,66 (E-1) 

r4 = 9,99 z4 = 9,99 

With a probe p o t e n t i a l  -45,54 i n  mul t ip les  of kT, t h e  zero-order (Laplacian) 

p o t e n t i a l  a r r a y  w a s  ca lcu la ted ,  wi th  zero on t h e  boundary, t o  be as given 

i n  Table E-1: 

TABLE E-1 

Laplace P o t e n t i a l ,  4 x 4 Grid 

r2 = 3,33 = 6.66 r4 = 9.99 r? r1 = 0 

z4 = 9,99 ' 0 0 0 0 

z = 6,66 - 4,56 (#1) - 3.24 (112) - 1 , l O  (113) 
3 

2 z = 3,33 -14,4 (114) - 9,04 ( f 5 )  - 1,97 (116) 

0 

0 

z1 = 0 -45 0 54 -22,77 0 0 
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This so lu t ion  w a s  ca l cu la t ed  using a s u i t a b l e  modif icat ion -- a c t u a l l y  a 

s impl i f i ca t ion  -- of t h e  equat ions of Appendix A. 

coarse,  t h e  p o t e n t i a l s  are approximate, but  are probably no t  g r e a t l y  i n  

e r r o r .  

Since t h e  g r i d  is  

L e t  t h e  dens i ty  a t  t h e  6 poin ts ,  namely, (rl, z,), ( r 2 s  23)s 

(r3, z3),  (rlr z2),  (r2, z2),  and (r3,  z 2 ) ,  be  d e s i g n a t d b y  nl, n2, n3’ 

n4, n5, and n6, respec t ive ly .  

dens i ty  vec tor .  

These represent  t h e  6 components of a 

The numbers i n  parentheses  i n  Table E-1 i n d i c a t e  t h e  

geometric order ing of t h e  pos i t ions .  

be  s i m i l a r l y  designated by I $ ~ ,  +2, 439 44, 45, and 4 
components of a p o t e n t i a l  vector .  

The p o t e n t i a l s  a t  t h e  6 po in t s  w i l l  

c o n s t i t u t i n g  t h e  6’ 

Using 16 va lues  of k, 8 values  of R, and 8 values  of m i n  t h e  

sum (5-3) of Sec. V, a sequence of s tep-s izes  w a s  employed t o  f i n d  t h e  

optimum values.  

( a t  Mach zero) i n  t h e  Laplace f i e l d ,  as a func t ion  of  step-size:  

Tho following sequence of dens i ty  v e c t o r s  was computed 

TABLE E-2 

Dens i t ies  versus  Step-Size 

s = .1 S = .05 S = .025 S(adopted) s = .4 s = .2  

.0955/.0076 .137/.0076 .179/.0076 .179/.0076 .1 nl 

n2 

n3 

.175/. 0373 208/.0373 .220/. 0373 .226/. 0373 05 

.305/.244 .312/.244 .315/.244 .315/.244 .2 

0623/0 .217/0 .280/0 .418/0 ,598 /O .025 

.292 /O .372/0 .416/0 .431/0 .423/0 ,025 

.325/ .0610 .363/. 0642 .376/ .0660 .379/.0666 .05 

n4 

n5 

n6 

- 61 - 



I n  Table E-2, t h e  number t o  t h e  l e f t / r i g h t  s i d e  of each s o l i d u s ( / )  r ep resen t s  

t h e  dens i ty  of a t t r a c t e d / r e p e l l e d  p a r t i c l e s ,  respec t ive ly .  

s t e p  s i z e s  are shown i n  t h e  las t  column. 

d e n s i t i e s  are i n s e n s i t i v e  t o  s t e p  size., 

n4 w a s  most s e n s i t i v e  t o  s t e p  s i z e ,  

a small enough s t e p  f o r  n ( a t t r a c t e d )  t o  become s t a t i o n a r y ,  i t  w a s  f e l t  

t o  be reasonably accura te  i n  t h e  i n t e r e s t  of saving computer t i m e ,  

The adop 

Note t h a t  t h e  r epe l l ed  p a r t i c l e  

The a t t r a c t e d - p a r t i c l e  dens i ty  

Although S = .025 does no t  represeht  

4 

An i t e r a t i o n  w a s  employed, such as descr ibed i n  Appendix D, 

The sequence of with a = l / ( n  + 2) and n denoting i c e r a t i o n  number. 

p o t e n t i a l  iterates obtained i s  shown i n  Table E-3. 

TABLE E-3 

P o t e n t i a l  I t e r a t e s  

1st 2nd 3r d 4 th  5 t h  __ 6th  
___L_ 

order = 0th  

- 4.56 - 3-54 - 3,29 - 3.17 - 3.11 - 3.07 - 3.05 $1 

92 

43 

94 

- 3,24 - 2.36 - 2.17 - 2.09 - 2.04 - 2.02 - 2.00 

- 1 , l O  - ,642 - .652 - .625 - .615 - .613 - .610 

-14.4 -12,8 -12 4 -12,2 -12 0 1 -12 e 0 -12.0 

- 9.04 - 7.73 - 7,38 - 7.24 - 7.16 - 7 . 1 1  - 7.08 95 

- 1 , 9 7  - 1,18 - 1.05 - 1.01 - .997 - .990 - ,987 $6 .. 

The sequence of dens i ty  i terates ( a t t r ac t ed / r epe l l ed )  obtained 

is shown i n  Table E-4. 
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TABLE E-4 

Density Iterates 

0 th  1st 2nd 3rd 4 th  5 t h  6 t h  

nl 

n2 2261.0373 .256/,0900 .262/. 108 .273/. I17 .273/.123 ,2731.126 .273/. 128 

.179/.0076 .215/.0276 .217/.0354 .218/.0400 .219/.0425 ,2191,0441 .220/.0451 

n3 .315/.244 .315/.362 ,3501.343 .356/.352 .356/.356 .357/.357 .357/.358 

n4 .598/0 .481/0 .590/0 .478/0 .478/0 .478/0 ,47710 

n5 .423/0 .447/0 .398/0 .404/0 ,40310 ,402.0 .402/0 

n6 .379/.0666 .376/.156 .369/.178 .363/.186 ,3621.188 .362/.191 ,3621.192 

I n  Table E-4, t h e  0th-order, 1st-order ,  etc., d e n s i t i e s  are com- 

puted d i r e c t l y  from t h e  p o t e n t i a l s  under t h e  corresponding columns i n  

Table E-3. 

t o  t h e  scheme of Appendix D, s o  t h a t  t h e  a c t u a l  d e n s i t i e s  used are l i n e a r  

combinations of those i n  Table E-4. I n  f a c t ,  us ing a = 112, 113, 114, 

The p o t e n t i a l s  i n  Table E-3, however, are ca l cu la t ed  according 

etc., when n = 0, 1, 2, etc., i n  Equation (D-4) of Appendix D, and with 

F 
+ + 

= 0, w e  ob ta in  (F = net negat ive charge dens i ty) :  
0 

+ +  
where F(4 ) i s  obtained d i r e c t l y  from t h e  m-th order  column in Table E-4. 
The n-th order  p o t e n t i a l  O n  is  then computed d i r e c t l y  from Fn as given 

by (E-2). 

-+ m 

+ + +  + 
Thus, $1 i s  computed using 112 F(O0), $2 is computed using 

+ +  + +  
113 F(go) + 113 F($1), etc. 

F ina l ly ,  the  c e n t r a l  cu r ren t  dens i ty  i s  given, as a func t ion  of 

s t e p  s i z e ,  i n  Table E-5. 

p o t e n t i a l  from Table E-3). 

(Laplace p o t e n t i a l  from Table E-1, Poisson 
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TABLE E-5 

Current Density 

Lap lace Poisson 

-- s = .1 32.7 

S = .05 3 3 . 5  31.3 

S = .025 3 4 . 0  3 3  .O 

Hence, although t h e r e  is a tendency f o r  t he  c u r r e n t  t o  inc rease  

wi th  decreasing s t e p  s i z e ,  i t  is clear t h a t  t h e  cu r ren t  d e n s i t i e s  are 

q u i t e  c l o s e  t o  t h e  va lues  given i n  Table 6 (see Sec. V), namely, 3 4 . 0  

versus  3 5 , 5  f o r  Laplace, and 33,O versus  3 3 . 3  for Poisson 
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APPENDIX F. NUMERICAL EFFECTS OF BOUNDARY 

The r o l e  played by t h e  boundary condi t ion  w a s  i nves t iga t ed  

p r i n c i p a l l y  by c a l c u l a t i n g  c u r r e n t  versus  boundary pos i t i on .  

I n  t h e  Laplace case, with probe p o t e n t i a l  -45.54 kT a t  Mach 

zero,  t h e  c u r r e n t  w a s  ca l cu la t ed  f o r  g r i d s  wi th  inc reas ing  r-boundary 

(fixed z-boundary) and f o r  g r i d s  wi th  inc reas ing  z-boundary (fixed r- 

boundary). Table F-1 shows t h a t  t h e  cu r ren t  i s  r a t h e r  i n s e n s i t i v e  t o  

boundary pos i t i on .  

TABLE F-1 

Laplace Current versus  (r,z)-boundary 

2 35 2 32 

2.5 35 2.5 33 

3 35 3 34/36 

The p a i r  of va lues  34/36 under t h e  r=3a column a t  z=3a i n d i c a t e s  t h e  

v a r i a t i o n  r e s u l t i n g  from using 6/12 i n t e r v a l s  i n  z ,  r e spec t ive ly .  

I n  t h e  Poisson case,  w i t h  probe p o t e n t i a l  -45.54 kT a t  Mach 

zero,  t h e  c u r r e n t  w a s  ca l cu la t ed  wi th  f ixed  r-boundary (r=3a),  and increas-  

ing  z-boundary va lues .  

wi th  A r  = Az = a. 

Table F-2 shows t h e  r e s u l t s  using a coarse  gr id ,  
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TABLE F-2 

L z /a 

3.0 

2.5 

2,o 

1.5 

100 

0.5 

0 

Poisson CurrenT; versus  z-boundary 

z /a  = L,5 2,O 2,5 3 ~ 3 

I/Io = 23 24 24 24 24 ( A r  = Az = a/2) 

The las t  column i n d i c a t e s  t h a t  ha lv ing  A r  and Az d id  no t  change t h e  r e s u l t  

no t iceably  

The above r e s u l t s  suggest t h a t  the  use  of a f i n i t e  z-boundary 

r e s u l t s  i n  an underestimate of t h e  cu r ren t .  When t h e  boundary i s  art i-  

f i c a l l y  placed too near ,  t he  r e s u l t i n g  p o t e n t i a l  f a l l s  o f f  t oo  r ap id ly  

near  t h e  probe, causing a reduct ion  (due t o  t h e  increased f i e l d  s t r eng th )  

i n  t h e  number of t r a j e c t o r i e s  which escape t o  i n f i n i t y .  

One f u r t h e r  numerical  r e s u l t  which i s  cons i s t en t  is the  insens i -  

t i v i t y  of t he  a t t r ac t ed -pap t i c l e  d e n s i t y  a t  a po in t  near  t he  probe t o  

changes i n  the  p o t e n t i a l  near  t h e  boundary, Consider,  f o r  example, t h e  

3 p o t e n t i a l  d i s t r i b u t i o n s  given by Table F-3, 

TABLE F-3 

Test P o t e n t i a l  D i s t r ibu t ions  

A 

2a 3a a __ __ 

- .66 - .66 -.61 -,56 

- .97 - .82 -,40 -.25 

-1.3 -1.1 -,38 -,25 

-3,1 -2.5 -.52 -,29 

- 7 0 1  -5.5 -,72 -.31 

r = O  

-15 (-11) -073 -.31 

-45.54 -22.77 0 0 

B 

2a 3a a -- 
- 033 -. .33 -.31 -,28 

- 097 - .82 -,40 -,25 

-103 -1,l -,38 -.25 

-301 -2,5 -,52 -.29 

-7.1 -5,5 -.72 -,31 

15 (-11) -,73 - ,31 

45.54 -22.77 0 

r = O  

0 
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C 

2a .3a ~a - r = O  

- e97 - .82 -.40 -.!25 

- .97 - .82 -.40 -.2$ 

- l a 3  -1.1 -.38 -.25 

-3.1 -2.5 -,52 -.29 

-701 -5.5 -.72 -.31 
15 (-11) -.73 -.31 
45.54 -22.77 0 0 



The three distributions (A, B, C )  are identical ie a l l  but the outer- 

most row a t  z = 3a, which i s  halved i n  B, and is  the duplicate of the 

next row i n  C .  

parentheses, and has the values 0.59, 0.57, and 0.59, respectively, for 

Distributions A,  B,  and C .  

The density is  calculated a t  the position matked by 
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TABLE 1 

b-c) Laplace P o t e n t i a l  Dis t r ibu t ion .  Mach Zero 

Axial Radial P o s i t i o n  r /a  
P o s i t  i o n  

z /a 0.0 0,5 1,o 1 ,5  2 .o 2.5 3 .O 

3.00 2,34 2,26 2-04 1.75 1.44 1.15 0.903 

2.75 2.74 2,64 2.35 1.97 1.58 1.23 0.943 

2.50 3,26 3,11 2,73 2.22 1.73 1.30 0.977 

2.25 3,92 3,72 3,19 2.52 1.89 1.38 1.00 

2,OO 4.81 4.51 3,77 2,86 2.05 1.44 1.01 

1,75 6.00 5,57 4,49 3.24 2.20 1.48 1.00 

1,50 7,65 7,OO 5,41 3.67 2.33 1.48 0.967 

1.25 9.98 9,oo 6,60 4.10 2.40 1.43 0.899 

1-00 13,3 11,9 8,14 4,49 2,36 1,32 0.793 

0.75 18,2 1 6 , l  1 0 , l  4,67 2.15 1.11 0.645 

0.50 25.2 22,5 12.8 4,33 1,68 0.817 0.457 

0,25 34.5 32.2 16.5 2,87 0,943 0.434 0.238 

0.00 45.54 45,54 22,77 0.0 0.0 0.0 0.0 

(a)  P o t e n t i a l  energy i n  u n i t s  of kT = 0.112 v o l t s .  

p o s i t i v e  f o r  e l e c t r o n s ,  but become negat ive  for ions .  

A l l  va lues  are 

(b) Probe p o t e n t i a l  = - 5 , l  v o l t s  a t  1300'K 

(c) Probe r a d i u s  a = 3,33 cm, Debye l eng th  i n f i n i t e  
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TABLE 2 

(a-b 1 Laplace Ion Current  ye r sus  Probe P o t e n t i a l .  Mach Zero 

I D o  
Vol t s  L 

1.12 1 0  000 

.560 

.224 

D .112 

. OS6 

.022 

. O l l  

0. 
- .011, 

- .022 

- .056 

- ,112 

- ,224 

- .560 

- 1. 

- 2. 

- 3. 

- 4. 

- 5. 

- 5.1 

- 6. 

- 7. 

- 8. 

- 9. 

-10 0 

5. 

2. 

1. 

.5  

.2 

.1 

0. 

- .1 

- * 2  

- .5 

- 1. 

- 2. 

- 5. 

- 8.93 

-17.9 

-26.8 

-35.7 

-44.6 

-45.5 

-53.6 

-62.5 

-71.4 

-80.4 

-89.3 

kT = 0.112 volts, s = 0.2 cm. 

C o l l e c t i n g  r a d i u s  = 1.665 cm. 
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,004 

.132 

.359 

,603 

.814 

.899 

1.00 

1.09 

1.18 

1.44 

1.86 

2.66 

5.01 

8.05 

14.8 

21.4 

28.0 

34.3 

35.3 

40.8 

47.1 

53.4 

59.7 

65.6 



TABLE 3 

* .  

(a-c) Laplace Attracted-Ion Current versus  Ion Mach Number 

M 

0 

- 5  

1.0 

1 , 5  

2.0 

3.0 

4,O 

6.0 

- 
34,8 

24.5 24,7 

15,6 15.5 

9,5 904 

6,O 6 , 1  

3,2 3,5 

2.2 

1 , 4  

25,4 23.6 

15,7 15.5 

9 ,2  9,8 

5.6 6.4 

2.8 3.5 

(a) kT = 0,112 v o l t s ,  s = 0,025 cm. 

(b) Probe p o t e n t i a l  = - 5 , l  v o l t s .  

(c) Col lec t ing  r ad ius  = 1,665 cm. 
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1 
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13 
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TABLE 4 

(a-c) Poisson P o t e n t i a l  D i s t r i b u t i o n .  Mach Zero 

Rad ia l  P o s i t i o n  r /a Axial 
P o s i t  i o n  

z / a  0.0 0.5 1.0 1.5 2.0 2.5 3.0 

3.00 

2.75 

2.50 

2.25 

2 .oo 
1.75 

1.50 

1.25 

1.00 

0.75 

0.50 

0.25 
0.00 

0.475 

0.542 

0,799 

1.32 

2.08 

3.20 

4.80 

7 .17  

10.7 

15.9 

23.6 

35.2 

45.54 

0,458 

0.513 

0.755 

1.23 

1.92 

2.92 

4.35 

6.44 

9.50 

14.0 

20.6 

30.5 

45.54 

0.404 

0.432 

0.621 

0.972 

1.44 

2.08 

2.99 

4.25 

5.99 

8.41 

11.7 

16.3 

22.77 

0.340 

0.363 

0.483 

0.678 

0.903 

1.19 

1.57 

2.03 

2.55 

3.04 

3.24 

2.61 

0.0 

0.277 

0.297 

0.367 

0.430 

0,503 

0.566 

0.665 

0.782 

0.878 

0.917 

0.826 

0.527 

0.0 

0.215 

0.219 

0.223 

0.228 

0.238 

0.247 

0.252 

0.250 

0.244 

0.224 

0.178 

0.106 

0.0 

0.170 

0.176 

0.178 

0.179 

0.180 

0.179 

0.174 

0.164 

0.150 

0.129 

0.097 

0.058 

0.0 

(a) P o t e n t i a l  energy i n  u n i t s  of kT = 0.112 v o l t s .  A l l  va lues  are 

p o s i t i v e  f o r  e l e c t r o n s ,  b u t  become n e g a t i v e  f o r  ions .  

(b) Probe p o t e n t i a l  = -5.1 v o l t s  a t  1300'K. 

(c) Probe r a d i u s  a = 3'33 cm, Debye l e n g t h  = 1.0 cm. 
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TABLE 5 

(a-c) Poisson P o t e n t i a l  D i s t r ibu t ion ,  Ion Mqch 3 

Radial  Pos i t i on  r/a Axial 
Pos i t ion  

z /a 0,o 0,5 1 ,o  1.5 2.0 2.5 3 .0  

1.50 4.2 3.7 2,4 1 , 4  e 87  .58 .38 

1,25 5,5 4,9 2.9 1,4 e 62 .39 .34 

1.00 8,6 7,5 4.3 1,6 .51 .28 .26 

0.75 14 1 2  6,7 2,0 0 44 .18 .19 

0.50 22 19 10 2.3 .33 .066 .12 

0.25 34 29 15 2 .o .17  -.039 (dl ,023 

0,OO 46 46 23 0 , o  0.0 0.0 0 .o 

(a) P o t e n t i a l  energy i n  u n i t s  of kT = 0.112 v o l t s .  A l l  values  are p o s i t i v e  

f o r  e l e c t r o n s ,  bu t  become negat ive f o r  ions.  

(b) Probe p o t e n t i a l  = 5 , l  v o l t s ,  

(c) Probe rad ius  a = 3,33 cm, Debye length  = 1,O cm, 

(d) P o t e n t i a l  has change i n  s i g n  a t  t h i s  point .  
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TABLE 6 

Mach Zero 

(a-c) Attracted-Ion Current Density vhrsus Radius 

(r=O) (r=O. 19) (r=O .83) (r=l .48) 

Laplace (AD = -1 35.7 35.5 35 .1  36.6 34.8 

Poisson (AD = 1 cm) 24.9 33.3 33.5 28.6 20.5 

Ion Mach 3 

Laplace (AD = -1 3.2 -- 
Poisson (AD = 1 cm) 2 . 4  -- 

(a) kT = 0.112 volts ,  s = 0,025 cm. 

(b) 

(c) 

Probe potential = -5 .1  volts. 

Collecting radius = 1.665 cm, 
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TABLE 7 

(a-d) Attracted-Ion Density Di s t r ibu t ion .  , Mach Zero 

Axial P o s i t  i on  Radial  P o s i t i o n  r/a 

3.0 z/a 0.0 0.5 l e 0  2.0 2 . 5 ~  - 
- - - - - - - 3.00 

2.75 - 
2,50 - 
2.25 - 

.65 (1.6) .63 (1.6) .49 (.8) .51 (3.2) .49 (3.2) - 

.51 ( .8) 051. ( .2) .50 (.8) .47 (3.2) - 5 %  (3.2) - 

.37 ( .4) .38 ( .4) .41 (.8) .48 (3.2) .52 (3.2) - 

.37 ( a e 2 )  .38 ( ,2)  .40 (.8) 045 (3.2) .50 (1.6) - 
*31 ( e21 035 ( .2) .41 (.4) e45 ( -4) -46 ( -8 )  - 

2.00 - 
1.75 - 

(a) 

(b) 

Density i n  u n i t s  of normal dens i ty  a t  i n f i n i t y ,  

Probe p o t e n t i a l  = -5.1 v o l t s  a t  1300'K. 

(c) Probe r a d i u s  a = 3.33 cm,  Debye l eng th  P 1.0 cm. 

(d) Numbers i n  parentheses a r e  t r a j e c t o r y  s t e p  s i z e s .  
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TABLE 8 

(a-c) Repelled-Electron Density Dis t r ibu t ion .  Mach Zero 

Radial  Pos i t i on  r/a Axial 
P o s i t  i o n  

3 .O - 2.5 - 2 ,Q Z/a> - 0.0 - 1.5 - 1.0 - 0.5 - 
- - 3.00 

2.75 

2.50 

2.25 

2.00 

1.75 

1.50 

1.25 

1.00 

0.75 

0.50 

0.25 

0.00 

- 
.37 

.20 

.18 

.14 

.076 

.027 

.0076 

0002 

0 

0 

0 

3 

36 

.26 

.27 

.23 

.15 

a 087 

038 

.012 

. O O l l  

0 

0 

34 

37 

.37 

.32 

.27 

.22 

.16 
,098 

.056 

.026 

.018 

- 
.45 

.50 

45 

.45 

.34 

.34 

.31 

.26 

.22 

e 20 

.16 

(a) 

(b) 

(c) 

Density i n  u n i t s  of normal dens i ty  a t  i n f i n i t y .  

Probe p o t e n t i a l  = -5.1 v o l t s  a t  1300'K. 

Probe r ad ius  a = 3.33 cm, Debye length  = 1.0 cm. 
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- 
.48 

.45 

45 

.43 

.43 

.42 

.41 

.41 

.40 

.39 

0 37 
- 
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zTABLE 9 

Axial 
Pos i t ion  

/a 

1.50 

1.25 

1 ,oo  

0,75 

9.50 

0.25 

0,oo 

Attracted-Ion Density Dis t r ibu t ioq .  Ion Mach 3 

Radial  Posit-jon r /a  

- 0.0 0.5 100 l e 5 .  2 .o 2.5 

- 1,l (.2) 1 0 1  (02) 1.0 (.8) .98 (.8) .95 (L6) 

- 1.1 (.2) .99 (.2) .98 (.8) .95 (.8) .97 (1.6) 

- 1.1 (.025) .96 (,05) .92 (.2) .92 (.8) .96 ( .8) 

- 1,l (.025) .96 (,025) .85 (,05) -90 ( ,8)  .97 ( .8) 

- 1.1 (,025) 1 , O  (.0125) .87 (.0125) .83 ( . 4 )  1.0 ( .8) 

(a) 

(b) 

(c) 

Density i n  u n i t s  of normal dens i ty  a t  i n f i n i t y ,  

Probe p o t e n t i a l  = -5.1 v o l t s  a t  1300°K, 

Probe r ad ius  a = 3,33 c m ,  Debye length  = 1.0 cm. 

(d) Numbers i n  parentheses are t r a j e c t o r y  s t e p  s i z e s .  
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TABLE 10 

( a 4  Repelled-Electron Density Dis t r ibu t ion .  Ion Mach 3 

Axial 
P o s i t  ion  

/a 

1.50 

1.25 

1.00 

0.75 

0.50 

0.25 

0.00 

0.5 

- 
.0050 

0 

0 

0 

0 

- 

Radial  Pos i t i on  r /a  

2.0 1.0 - 1.5 - 
- - - 

,046 13 .17 

.0086 .13 .24 

,0001 ,069 .26 

0 ,043 .23 

0 033 .22 

- - - 

(a) 

(b) 

(c) 

Density i n  u n i t s  of normal dens$ty a t  i n f i n i t y .  

Probe p o t e n t i a l  = -5.1 v o l t s  a t  1300OK. 

Probe rad ius  a = 3,33 cm, Debye length = 1.0 cm. 
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.26 

e 28 

.29 

.34 
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TABLE 11 

( a 4  Veloc i ty  D i s t r i b u t i o n  (d j /dZ) versus  Radius Poi,sson Mach Zero 

TABLE 11 

( a 4  Veloc i ty  D i s t r i b u t i o n  (d j /dZ) versus  Radius Poi,sson Mach Zero 

Z 

40.00 

45.50 

45 e 54 

45,60 

46 00 

(Step) 
S dI/dZ -- 

e 05 

025 

0125 

e 05 783 

05 .775 

., 025 858 

00125 .915 

., 05 766 

025 845 

.0125 .883 

05 628 

( r = O )  (r-0 19) 

d j /dZ djl/dZ 

880 

1,000 

1,000 

1,000 0 995 

1,000 982 

1,000 1,000 

1,000 1,000 

.9418(e) .9418(e) 

9418 (e) 

., 9418") 

(f 1 . .6313 

( r = O  83) 

dj2/dZ 

.837 

830 

932 

e 999 

818 

926 

9418(e) 

6313(f) 

(a) kT = 0,112 v o l t s ,  

(b) Probe p o t e n t i a l  = -5.1 v o l t s ,  0 = -45.54. 

(e) 

(d) 
(e) 0.9418 = exp(-0,06). 

( f )  0.6313 = exp(-0.46). 

Co l l ec t ing  r a d i u s  = 1,665 cm, 

I and j i n  mul t ip l e s  of Io and j r e spec t ive ly ,  
0 

(r=l. 48) 

dj3/dZ 

.708 

.700 

774 

828 

.697 

D 759 

., 822 

.624 
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(P 

0 

- 5  

-10 

- 15 

-20 

-25 

-30 

-35 

-40 

-45 

-50 

(a-d) Ion Cent ra l  Current. I so l a t ed  S a t e l l i t e  i n  Laplace F ie ld  

M =  0 (e) 

0.999 

5.07 ( 5.07) 

8.92 ( 8.94) 

12.7 (12.8) 

15.8 (16.6) 

19.3 (20.3) 

22.9 (24.1) 

26.5 (27.9) 

30.0 (31.7) 

33.6 (35.4) 

37.1 (39.1) 

M =  1 

y = 0" 

3.54 

9.73 

16.7 

24.5 

32.5 

41.3 

50.5 

60.7 

70.5 

81.2 

92.1 

M = 1  

y = 45O 

2.65 

8.03 

13.7 

19.7 

25.4 

31.4 

37.5 

44.0 

50.2 

56.5 

62.8 

M = l  

y = 90" 

0.980 

3.93 

6.38 

8.50 

10.2 

12.0 

13.6 

15.0 

16.6 

17.9 

19.3 

M = 1.414 

y = 45" 

3.62 

8.47 

13,6 

19.2 

24.7 

30.3 

36.2 

42.4 

48.4 

54.6 

60.6 

(a) Probe poten t i . a l  = $kT, where kT = 0.112 v o l t s ,  

(b) M = Mach number, y = Mach angle  wi th  r e spec t to  probe normal. 

(c) Step s i z e  = 0.05 cm. 

(d) S a t e l l i t e  height  and r ad ius  100 c m  and 50 c m ,  respec t ive ly .  Probe 

r ad ius  3.33 cm. 

(e) Numbers i n  parentheses  are more accu ra t e  (see t e x t ) ,  
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Photoelectron Central Current,  I s o l a t e d  S a t e l l i t e  i n  Laplace F ie ld  (a-c) 

= goo 
YS 

= 45O 
yS 

= 35O 
YS 

= 00 
YS Eo (vo l t s )  (1 - 9) 

0.1 

1.0 

5 .O 

15 1 2 6 , l  21.4 18.4 

16  2,16 1.77 1,52 

4 0,222 0,182' 0.157 

Eo = 0.1 v o l t  

( s ina  = 0,864) 

sina x (cm) 
C 

S 

0.867 -10,8 

0.879 4.03 

0.898 4.06 

0.922 3.85 

0.947 3,43 

-- < 3.33 

Eo = L O  v o l t  

( s ina  = 0,896) 
C 

s i n a  x (cm) 
S 

0,898 4.62 . 

0,907 4.32 

0,921 4,0.5 

0,940 3,79 

0.959 3,35 

-- < 3.33 

E = 5.0 v o l t  

( s ina  = 0.943) 
0 

C 

0,944 5.48 

0.949 4.79 

0,957 4,.22 

0.967 3.75 
-- < 3.33 

(a) Current dens i ty  i n  mul t ip l e s  of emitted photocurrent d e n s i t y  fo r  

normal s o l a r  incidence,  

(b) Probe p o t e n t i a l  1 5  v o l t s .  

(c)' S a t e l l i t e  h e i g h t  and r a d i u s  100 c m  and 50 cm, r e spec t ive ly .  

r a d i u s  3.33 cm. 

Probe 
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A X I S  

I 

f 3*33CM* -I v.0 
I 

GR I 0 

SATELLITE SKIN 

,0953 CM. 
PLATE 

ewoeoeo 1 4  eeoeoo 1 
PLATE 

f 3*33CM* -I v.0 
I 

GR I 0 

SATELLITE SKIN 

,0953 CM. 
PLATE 

ewoeoeo 1 4  eeoeoo 1 
PLATE 

FIGURE 1. OGO PLANAR PROBE GEOMETRY 
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